LONG-TIME ANALYSIS OF 3 DIMENSIONAL RICCI FLOW II 



RICHARD H BAMLER 



Abstract. This is the second part of a series of papers analyzing the long- 
time behaviour of 3 dimensional Ricci flows with surgery. We generalize the 
methods developed in the first part and use them to treat cases in which the 
initial manifold satisfies a certain purely topological condition which is far more 
general than the one that we previously had to impose. Amongst others, we 
are able to treat initial topologies such as the 3-torus or £ x S 1 where £ is any 
surface of genus > 1. We prove that under this condition, only finitely many 
surgeries occur and that after some time the curvature is bounded by Ct . 
This partially answers an open question in Perelman's work, which was made 
more precise by Lott and Tian. In the process of the proof, we also find an 
interesting description of the geometry at large times, which even holds when 
the condition on the initial topology is violated. 

The methods presented in this paper will be refined to treat a more general 
case in a subsequent paper. 
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1. Introduction 

I. 1. Statement of the main result. In this paper we analyze the long-time 
behaviour of Ricci flows with surgery on 3 dimensional manifolds which satisfy a 
certain topological property % (see Definition 11.31 and subsection 11.21 below for 
more details). Examples for such manifolds are S x S 1 , where S 5 is a compact 
surface of genus g > 1, the 3-torus T 3 or certain glueings of Seifert manifolds. In 
rough terms, our main result can be summarized as follows. We refer to Theorem 

II. 51 at the end of this introduction for a more precise statement. 

Let (M, g) be a closed 3 dimensional Riemannian manifold and 
assume that the topological manifold M satisfies property I2. 
Then there is a long-time existent Ricci flow with only finitely 
many surgeries whose initial time-slice is (M,g). Moreover, there 
is a constant C such that the Riemannian curvature in this flow is 
bounded everywhere by Ct^ 1 for large times t. 

The Ricci flow with surgery has been used by Perelman to solve the Poincare 
and Geometrization Conjecture ( |Perlj . |Per2j . |Per3j ). Given any initial metric 
on a closed 3-manifold, Perelman managed to construct a solution to the Ricci 
flow with surgery on a maximal time-interval and showed that its surgery times 



LONG-TIME ANALYSIS OF 3 DIMENSIONAL RICCI FLOW II 



3 



do not accumulate. Hence every finite time-interval contains only a finite number 
of surgery times. Furthermore, he could prove that if the given manifold is a 
homotopy sphere (or more generally a connected sum of prime, non-aspherical 
manifolds), then this flow goes extinct in finite time. This implies that the initial 
manifold is a sphere if it is simply connected and hence establishes the Poincare 
Conjecture. On the other hand, if the Ricci flow continues to exist for infinite 
time, Perelman could show that the manifold decomposes into a thick part which 
approaches a hyperbolic metric and an thin part which becomes arbitrarily col- 
lapsed on local scales. Based on this collapse, it is then possible to show that the 
thin part can be decomposed into more concrete pieces ( |ShYj . [MT2] . |KL2j ). 
This decomposition can be reorganized to a geometric decomposition, establishing 
the Geometrization Conjecture. 

Observe that although the Ricci flow with surgery was used to solve such hard 
problems, some of its basic properties are still unknown, because they surprisingly 
turned out to be irrelevant in the end. For example, after Perelman's work 
the question remained whether in the long-time existent case there are finitely 
many surgery times, i.e. whether after some time the flow can be continued 
by a conventional smooth, non-singular Ricci flow defined up to time infinity. 
Furthermore, it is still unknown whether and in what way the Ricci flow exhibits 
the the full geometric decomposition of the manifold. These questions follow 
naturally from Perelman's work and are partially explicitly raised there. It has 
been conjectured Tian and Lott that they can be answered positively. 

In |Lotlj . |Lot2j and |LSj . Lott and Lott-Sesum could give a description of 
the long-time behaviour of certain Ricci flows on manifolds which consist of a 
single component in their geometric decomposition. However, they needed to 
make additional curvature and diameter or symmetry assumptions. In |Bam2] . 
the author proved that under a purely topological condition 7i, which roughly 
says that the manifold only consists of hyperbolic components (see Definition 
II. 2p . there are only finitely many surgeries and the curvature is bounded by Ct^ 1 
after some time. 

In this paper we derive the same conclusions under a far more general topologi- 
cal condition T 2 . Before we explain this condition and condition 71 more precisely, 
we need to recall some facts on geometric decompositions of 3-manifolds. 

Definition 1.1 (Geometric decomposition). Let M be a compact, orientable 3- 
manifold whose boundary consists of ' 2 -tori. A geometric decomposition of M is 
a collection of pairwise disjoint, smoothly embedded 2-tori 7\, . . . ,T m C M such 
that 

(i) each torus Tj is incompressible in M (see Definition \3.4\ ) and 

(ii) each component of M\ (T\ U . . . U T m ) is either hyperbolic (i.e. it can be 
endowed with a complete metric of constant negative sectional curvature 
and finite volume) or it is Seifert (i.e. it carries a Seifert fibration whose 
exceptional fibers are of cone-type and which can be extended regularly 
onto the boundary tori). 
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The decomposition is called minimal if no smaller subcollection of tori satisfies 
properties (i) and (ii). 

If all components of M\ {T\ U . . . U T m ) are Seifert, then the manifold is called 
(prime) graph manifold and the decomposition is called a Seifert decomposition. 

Note that for a minimal geometric decomposition, the Seifert fibrations coming 
from either side on each torus Tj are not isotopic and none of the components 
of M \ (Ti U . . . U T m ) are diffeomorphic to T 2 x / unless m = 1 and T\ is non- 
separating. The statement of the Geometrization Conjecture is that every closed, 
orientable, irreducible (see Definition [372]) manifold is either a spherical space form 
or it admits a minimal geometric decomposition. We also mention that such a 
minimal geometric decomposition is unique up to isotopy (see |Hatj Theorem 
1.9]). So it is reasonable to speak of the (minimal) geometric decomposition of a 
manifold. 

Definition 1.2 (Property 7i). We say that an orientable, closed and irreducible 
3-manifold M satisfies property T[ if it only has hyperbolic pieces in its geometric 
decomposition. 

We say that an orientable, closed 3-manifold M satisfies property 7i, if it is 
a connected sum of manifolds satisfying condition T[, spherical space forms and 
copies of S 1 x S 2 . 

Definition 1.3 (Property T2). Let M be an orientable, closed and irreducible 
3-manifold which is not diffeomorphic to a spherical space form. Consider a 
minimal geometric decomposition of M and denote by Mh yp the union of the 
closures of all its hyperbolic components and by Ms e a the union of the closures of 
all its Seifert components. 

We say that M satisfies property T 2 ' if there is a map f : £ — > M which is 
filling for the pair (Mh yp , Ms e if) in the sense of Definition I.4 below. 



We say that an orientable, closed 3-manifold M satisfies property 7~2, if it is 
a connected sum of manifolds satisfying condition T{, spherical space forms and 
copies of S 1 x S 2 . 

Definition 1.4 (filling surface). Let M be an orientable, closed and irreducible 
3-manifold which is not diffeomorphic to a spherical space form. Consider a 
decomposition M = M^ yp U Ms e if such that Mh yp D Ms ei f is the disjoint union 
of smoothly embedded 2-tori. Moreover, let £ be a compact, orientable surface 
(possibly with boundary and not necessarily connected) such that none of its com- 
ponents are spheres. 

We say that a continuous map f : £ — > M is filling for the pair (Mh yp , Ms e if) 
(or sometimes, we call /(£) a filling surface,), if the following holds: 

(1) f is incompressible, i.e. the induced map 7Ti(S) — > tti(M) is injective, 

(2) f maps each boundary loop of S to an embedded non-contractible loop in 
one of the boundary tori of M Seif , 

(3) for every generic Seifert fiber 7 C Mg ei f of any (not necessarily minimal) 
Seifert decomposition of and every map f : S — > M which is homo- 
topic to f relatively to its boundary, there is a component S C £ such 
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that /'(So) H 7 7^ and such that there is no loop 7' : S 1 — > So such that 
f o 7' is homotopic to a non-zero multiple 0/7 m Mseif- 

The reason of why we have to impose condition T2 is that we will need to 
ensure that certain S^-fibers, along which the manifold collapses in certain areas, 
intersect an area- minimizing representative of the homotopy class of the map /. 
Loosely speaking, this will give us an upper area bound for the (2 dimensional) 
basis of this £ -fibration. 

Condition T2 is more general than it might appear at first glance. For example 
7i implies T2 and, as mentioned in the beginning, the three torus or every manifold 
of the form E 9 x S 1 for g > 1 satisfied condition 7i- However, e.g. the Heisenberg 
manifold does not satisfy %. We refer to subsection 11.21 for a more detailed 
discussion of condition 7^ and far more general examples. 

We now state our main result. The notions relating to "Ricci flows with 
surgery" , which are used in the following, will be introduced in subsection 12.11 

Theorem 1.5. Given a surgery model {M stan , g stan , D stan ) , there is a continuous 
function 5 : [0, 00) — > (0, 00) such that the following holds: 

Let A4 be a Ricci flow with surgery with normalized initial conditions which is 
performed by 8(t) -precise cutoff such that A4(0) satisfies the topological condition 

r 2 . 

Then Ai has only finitely many surgeries and there are constants T, C < 00 
such that I Rim, I < Ct^ 1 on M(t) for all t >T. 

During the proof of this theorem, we will be able to give a more detailed 
description of the geometry of the time-slices Ai(t) for large t which also holds 
when the topological condition T2 is not satisfied (see amongst others Proposition 

E2}. 

We mention an important direct consequence of Theorem 11.51 which can be 
expressed in a more elementary way: 

Corollary 1.6. Let (M, (<7t)te [0,00)) be a non-singular, long-time existent Ricci 
flow on a compact 3-manifold M which satisfies the topological condition %. Then 
there is a constant C < 00 such that 

C 

|RmJ < for all t > 0. 

1 t\ t + 1 j 

Moreover, we obtain the following result which ensures that the condition of 
the previous Corollary can be satisfied. 

Corollary 1.7. Let M be a compact, orientable 3-manifold which satisfies the 
topological condition T{. Then there is a Riemannian metric go on M which is 
the initial metric of a non-singular, long-time existent Ricci flow (M, (gt)te[o,<x>)) ■ 

In fact, starting from any given normalized (see Definition 12 . 12[) Riemannian 
metric g on M, Perelman ( |Per2j ) could construct a long-time existent Ricci flow 
with surgery Ai on the time-interval [0, 00) which is performed by 5(t)-precise 
cutoff (see also Proposition I2.16p . Since M is irreducible and aspherical, we 
conclude that all surgeries on A4 are trivial and hence that every time-slice of Ai 
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has a component which is diffeomorphic to M. By Theorem 11.51 there is a final 
surgery time T < oo on M.. So the flow M. restricted to the time- interval [T, oo) 
is a non-singular Ricci flow on a manifold which is diffeomorphic to M. Shifting 
this flow in time by — T yields the desired Ricci flow. 

This paper is organized as follows: In the next subsection II. 2\ we discuss 
the property T2 more carefully from a topological point of view. Subsection 11.31 
contains an outline of the proof. Section [2] provides a brief introduction to Ricci 
flows with surgery. It includes a proper definition which is general enough to 
unify most existing terminologies. In section [31 we recall elementary facts of 3- 
dimensional topology which will be needed in the following proof. In section HI 
we review Perelman's long-time analysis of Ricci flows with surgery (cf |Per2] ) . 
The aim of this section is on one hand to show that Perelman's analysis can be 
carried out using our notion of Ricci flows with surgery and on the other hand, to 
generalize Perelman's results to the non-compact and boundary cases. In section 

we describe the decomposition of the thin (i.e. locally collapsed) part of the 
manifold into more concrete pieces as carried out in |ShYj . [MT2] and |KL2j . We 
then deduce important consequences on the geometry and combinatorics of this 
decomposition. Section [6] contains new curvature estimates which follow from the 
generalizations of Perelman's results, as obtained in section HI Those estimates 
will finally be applied in the main part in section |HJ Section [7] provides useful 
Lemmas for this discussion. 

Note that in the following, all manifolds are assumed to be 3 dimensional unless 
stated otherwise. 

I would like to thank Gang Tian for his constant help and encouragement 
and John Lott for many long conversations. I am also indebted to Bernhard 
Leeb and Hans- Joachim Hein, who contributed essentially to my understand- 
ing of Perelman's work. Thanks also go to Simon Brendle, Will Cavendish, 
Daniel Faessler, Robert Kremser, Tobias Marxen, Rafe Mazzeo, Hyam Rubin- 
stein, Richard Schoen, Stephan Stadler and Brian White. 

1.2. Remarks on property In the following, we present a brief discussion 
of property T 2 - The goal of this subsection is to provide an idea of how restrictive 
the topological condition in Theorem ll.5l is. It is not known to the author whether 
there is a more handy condition which is equivalent to property 1~2- In particu- 
lar, it is an interesting question whether the following characterization holds: A 
compact, connected, orientable, irreducible 3- manifold M which is not a spherical 
space form satisfies property T 2 ' if and only if M either it is not graph (i.e. it 
contains at least one hyperbolic component in its geometric decomposition) or it 
is graph and contains an immersed, incompressible surface of genus > 2 or it is 
a quotient of a 3-torus. This characterization seems reasonable considering the 
following examples and the work of Wang and Yu ( |WYj ) and Neumann ( |Neuj ) . 

We first present examples of manifolds which satisfy property T 2 ■ As mentioned 
before, property T\ implies property T 2 ■ 

Example 1.8. Let S 9 be a surface of genus g > 1 and consider the manifold 
M = T, g x S 1 , e.g. the 3-torus M ~ T 3 . Then M satisfies property T 2 . In 
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the case M ~ T 3 this is easy to see: choose 3 embedded 2-tori in M which 
generate the second homology H2(M) = Z 3 . Then every non-contractible curve 
7 C M represents a non-zero homology class in H\(M) and hence has non-zero 
intersection number with one of the given 2-tori. 

Now assume that g > 2. Then we proceed as follows: Choose simple closed 
loops ai,..., a 2g C E 9 whose complement is an open topological disk. We now 
argue that E g x {pt} U ot\ x S 1 U . . . U a 2g x S 1 C M is a filling surface for M. Let 
7 C M be a non-contractible loop. If [7] G 7Ti(M) = 7Ti(S) x Z has a non-zero 
component in the second factor, then its intersection number with E x {pt} is 
non-zero. So assume that it doesn't, i.e. that [7] is the image of an element [7'] 
under the map 7i"i(£ g ) — > 7i"i(M) where 7' C S s . Consider the universal cover H 2 
of S 9 . By elementary hyperbolic geometry, there is a lift on whose endpoints in 
the boundary at infinity cffl 2 separate the endpoints of a lift 7' of 7'. So 5, and 
7' have non-zero intersection number. This implies that the corresponding lift 
of a.i x S 1 in H 2 x K has non-zero intersection number with the corresponding 
lift 7 of 7. This intersection number does not change if we homotope these lifts 
equivariantly. So 7 intersects every homotopic translate of x S 1 . 

We remark, that by inspecting the argument, we can show that every finite quo- 
tient of X x S 1 under a group which preserves the S^-fibration, satisfies property 
7~2 as well. 

Example 1.9. Consider a geometric decomposition of an orientable, closed, ir- 
reducible 3-manifold M which is not a spherical space form. It can be shown by 
similar methods as in Example 11.81 that if M has at least one hyperbolic com- 
ponent and if no two Seifert components are adjacent to one another, then M 
satisfies property T 2 - 

Next, we provide an example of a graph manifold which satisfies property T 2 ' 
and which has a non-trivial Seifert decomposition. For simplicity, we will describe 
a very special construction. It will become clear how this construction can be 
generalized. 

Example 1.10. Let M be a manifold whose geometric decomposition consists 
of four components M 1; . . . , M 4 which are all diffeomorphic to £ x S 1 where S 
denotes a surface of genus 1 with two boundary circles. So each Mj has exactly 
two boundary components and we assume the components to be arranged in a 
circle in the given order. Let a C S be an embedded curve joining the two 
boundary circles and (3i, (3 2 C £ embedded closed loops such that S\ (aLlft U/^) 
is an open topological disk. In each component Mj define the annulus Fi = a x S 1 , 
C Mi = S x {pt} and T iA ,T it2 C Mi to be the tori ft x S 1 , (3 2 x S 1 . 
Now assume that the components Mi, . . . , M4 are identified in such a way that 
T,[ = Ei U F 2 U S 3 U .F4 and S' 2 = Fi U S 2 U F 3 U E4 are embedded surfaces of genus 
3. We now show that M satisfies property T 2 ' and that S' x U S' 2 U T 1;1 U . . . U T4 :2 
is a filling surface. 

Consider an arbitrary geometric decomposition of M and 7 C M a generic 
Seifert fiber of one of the components. After isotoping and removing some of 
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the cutting tori, we are able to obtain the decomposition M = M\ U . . . U M4 
and we can assume that 7 C M$. Observe that 7Ti(Mj) = 7i"i(£) x Z. If [7] has 
a non-trivial component in the second factor, then it has non-zero intersection 
number with £' x or £' 2 . On the other hand, assume that [7] is the image of an 
element [7'] under the map ^(E) — > 7i"i(Mj). If 7' is a parabolic curve then it has 
non-zero intersection number with either £' x or £' 2 or 7'. If 7' is not parabolic 
(i.e. if it can be represented by a closed geodesic when we choose a hyperbolic 
structure on £), then we can argue as in Example 11.81 that in some cover of M a 
lift of 7 has non-zero intersection number with a lift of one of the surfaces Tj 1 or 
T h2 . 

Finally, we discuss manifolds which are not of type 72- 

Example 1.11. Consider a closed, orientable manifold M which admits a Seifert 
fibration over an orbifold B whose underlying surface is not a sphere and which 
has only isolated cone-singularities. Then the Seifert fibration M — > B admits a 
finite-sheeted cover M — > B which is a regular S^-fibration. We now claim that M 
satisfies property 7^' if and only if this fibration is trivial. Hence, the Heisenberg 
manifold (or nilmanifold) is the most elementary example of a manifold which 
does not satisfy property T{. 

The forward direction of the claim is clear by Example 11.81 For the other 
direction, assume that / : £ — > M is a filling map. By a result of Hass ( |Has] ) . 
the incompressibility of / implies that we can homotope / to an immersion such 
that the restriction of / to every component £' of £ is either horizontal (i.e. 
transverse to the Seifert fibration) or vertical (i.e. / is tangent to the Seifert 
fibers). If /|s' is horizontal, then the map £' — > M — > B is a covering and hence 
the pull back of the Seifert fibration onto £' is trivial. However, this contradicts 
the assumption that the M — > B is non-trivial. So / has to be vertical on all 
components of £ and hence /(£) does not intersect every generic Seifert fiber. 

Example 1.12. Assume that M is irreducible, graph and not a spherical space 
form. The paper [Neuj provides obstructions for the existence of an incompressible 
maps £ — > M for which £ has negative Euler characteristic. It is easy to see that 
if these obstructions apply, then M cannot have any filling surface and hence 
does not satisfy property T{ unless it is a finite quotient of a 3-torus. We refer 
to [Neu| Example 2.2] for an elementary example of a non-trivial graph manifold 
which does not satisfy property 72- 

1.3. Outline of the proof. The proof of Theorem 11.51 makes use of the work 
of Perelman ( |Perlj . |Per2j . |Per3j ) and the subsequent analysis of the thin part 
( [ShY] . |MT2j . |KL2j ). Perelman could show that for large times t the time-slice 
M. (t) of a given Ricci flow with surgery Ai can be decomposed into a thick part 
A^thick(^) and a thin part A^ t hi n (^)- The thick part is diffeomorphic to a disjoint 
union of hyperbolic manifolds and the metric g(t) has sectional curvatures close 
to — 77 there. On the thin part however, the curvature is a priori not bounded, but 
there is a positive function w(t) which goes to zero as t — > 00 such that following 
holds: at every point x G -M t hm(£) there is a scale p(x,t) such that the sectional 
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curvatures on the ball B(x,t, p(x,t)) are bounded from below by —p~ 2 (x,t) and 
such that the volume of B(x, t, p(x, t)) is bounded from above by w(t)p 3 (x, t) (see 
Proposition 14. 1 5p . In other words, the metric on the thin part locally collapses on 
the scale p(x,t). Morgan-Tian, Kleiner- Lott and others were able to understand 
this collapse and decompose the thin part into concrete pieces on which the 
metric can be approximated by Seifert fibrations with small S^-fiber, or models 
such as T 2 x I or S 2 x / with small first factor. Using elementary topological 
arguments, it is possible to construct a Seifert or geometric decomposition from 
this decomposition. 

In the case in which the initial manifold is diffeomorphic to a hyperbolic man- 
ifold, it can be shown easily that for large times we have A^thick(^) = M.(t). This 
immediately implies Theorem II .51 

To understand the more general case, we need to recall an important Lemma 
(cf [Per 2 1 6.8, 7.3], compare also with Corollary 14. 3[) which led to a curvature 
bound on A^tmck(^) i n Perelman's result. It roughly states that if for some large 
t and x G M.(t) the constant p > is chosen maximal with the property that 
the sectional curvatures on the ball B(x,t,p) are bounded from below by — p~ 2 , 
and if the volume of B(x,t,p) is bounded from below by wp 3 , then p > ~p{w)\/i 
and the curvature on B(x,t,p) is bounded by K(w)t~ l . We may assume in the 
following without loss of generality that the function p(x, t) from before also 
satisfies this maximality property. Then obviously, Perelman's Lemma fails to 
provide a good curvature bound on the thin part Mthm(t). However, if we pass 
to the universal cover of Ai (t), then in certain cases the normalized volume of the 
corresponding p(x, t)-ball around a lift a; of a; is again controlled from below (see 
Lemma [5.2p . More precisely, this improvement occurs if the ball B(x,t, p(x,t)) 
collapses along incompressible S 1 or T 2 -fibers. Loosely speaking, the reason for 
this is that regions which look like S 1 x B 2 or T 2 x I with small first factor will 
lift to regions close to R x B 2 or R 2 x /. We will call a point i 6 "good" 
if we can observe these types of collapses in a neighborhood of x (see Definition 
16. ip . It is now possible to apply Perelman's Lemma to the universal covering 
flow of M. and obtain a curvature bound of the form Kt~ x at good points (see 
Proposition 16.41) . 

This idea is the starting point of our proof. After a topological discussion of 
the decomposition of -M t hm(£), we find that M.{t) is good outside fintely many 
pairwise disjoint, embedded solid tori Si, . . . , S m ~ S 1 x D 2 in Ai t hm(t) (see 
Proposition 15.91) . It hence remains to focus our analysis on these Si. 

Using a bounded curvature at bounded distance type estimate (which also 
makes use of the local collapse), we will be able to establish a distance dependent 
curvature bound from every good point (see Proposition 16. 5p . More precisely, 
for any A < oo, we can bound the curvature on an Ay/t-tubulai neighborhood 
around M.{t) \ (Si U . . . U S m ) by K\A)t~ l . Hence, it remains to analyze those 
Si whose diameter on the scale \/t is large. 

It will turn out that we can choose each the solid torus Si in such a way that 
we can find a collar neighborhood Pi C Si, Pi ~ T 2 x /, next to its boundary 
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whose length increases with its diameter (see Lemma 18.11 and observe that Pi = 
IntSi(t) \ Int Wi there) and whose cross-sectional tori are bounded in diameter 
by y/i. In order to establish this stronger characterization, we additionally need 
to make use of a boundary version of Perelman's Lemma (see Proposition 16 .6 j) . 
Moreover, we can show that the diameter of Si at slightly earlier times cannot 
be much smaller than the diameter at time t, i.e. that the diameter cannot grow 
too fast on a time- interval of uniform size (see Proposition 16 .7p . These geometric 
observations are summarized in Lemma [8.11 

Using this diameter bound at earlier times, we are able to find collar neigh- 
borhoods similar to Pi around dSi also at earlier times. This will imply that the 
normalized volumes of local universal covers of p(x, t)-balls in bounded distance 
to dSi and at slightly earlier times are bounded from below. Together with a 
more powerful localized version of Perelman's Lemma (see Proposition 16 .8 j) we 
obtain a uniform curvature bound of the form Kt~ x on each Pi (see Proposition 
18. 2p . Here K does not depend on the diameter of Si or Pj. 

Now the topological property Ti comes into play. By a well-known estimate on 
the evolution of areas of minimal surfaces (see Lemma 1772"]) . we can find immersed 
surfaces which intersect all S^-fibers of every Si ~ S 1 x D 2 . We will use these 
surfaces to find arbitrarily thin an long torus structures P[ C Pi, P[ ~ T 2 x I 
(see Proposition 18. 3j) . 

Finally, we consider the Ricci flow on a larger time-interval [to,t<J, t^ < Lt Q , 
and we relate the solid tori Si and the torus structures P[, which we obtain from 
our previous analysis applied at each time of [tctj, towards one another. Let 
Si, . . . , S m be the solid tori which arise from the analysis at time t w . We will find 
that if diam tij Si > A (L)s/t^ for some i, then the curvature on P[ is bounded by 
Kt~ x at all times t e [to,tu,] (see Proposition 18. 4p . Using the immersed minimal 
surface of bounded area from before, we will construct an immersed disk whose 
area is bounded at time to and which is bounded by a loop which is contained in 
P( and which is short on the whole time-interval [to, tj. For sufficiently large L, 
we can derive a contradiction to the existence of such a disk using a minimal disk 
argument. Hence diam 4 Si < Ao(L)y/t^ for all i and hence the curvature on Si at 
time t u is bounded by K' {AQ{L))t~ x . This finishes the proof of Theorem 11.51 

Upon first reading we recommend to consider the case in which M. is non- 
singular. The proof in the general case follows along the lines, but the existence 
of surgeries adds a number of technical difficulties. 

2. Introduction to Ricci flows with surgery 

2.1. Definition of Ricci flows with surgery. In this section, we give a precise 
definition of the Ricci flows with surgery that we are going to analyze. We will 
mainly use the language developed in |Baml] here. In a first step, we define 
Ricci flows with surgery in a very broad sense. After explaining some useful new 
notions, we will make more precise how we assume the surgeries to be performed. 
This characterization can be found in Definition 12.111 Note that here we have 
chosen a phrasing which unifies the constructions presented in [Per2j . |KLlj . 
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|MT1] . [BBBMPlj and |Baml] and hence Theorem 11.51 can be applied to the 
outcomes of each of these representations. 

Definition 2.1 (Ricci flow with surgery). Consider a time-interval I C R. Let 
T l < T 2 < ... be times of the interior of I which form a possibly infinite, but 
discrete subset o/R and divide I into the intervals 

I 1 = I f] (— oo, T 1 ), I 2 — [T 1 , T 2 ), J 3 = [T 2 ,T 3 ), ... 

and I + = I fl [T k , oo) if there are only finitely many T % 's and T k is the last 
such time and I 1 = I if there are no such times. Consider Ricci flows (M 1 x 

I l ,gl), (M 2 x I 2 , g 2 ) } . . . on manifolds M l , M 2 , . . . and time-intervals P, 1 2 , 

Let fl l C M l be open sets on which the metric g\ converges smoothly as t /*• T % 
to some Riemannian metric g l Ti on Qi and let 

U*_ C fi* and V\ C M i+1 

be open subsets such that there are isometries 

& : (£/!,<&) — ► m*g^\ui = gUut- 

We assume moreover that we never have U % _ = Q l = M % and U\_ = M %+1 and 
that every component of M l+1 contains a point of U\. Then, we call Ai = 
((T i ) i ,(M i x P,gi)i, (0*)»> (U±)i, « Ricci flow with surgery on the time- 

interval / and the times T 1 , T 2 , . . . surgery times. 

Ift e P, then (M(t),g(t)) = (M i x {t},gfc) is called the time-t slice of M. 
The points in M.{T l ) \ U\ x {T 1 } are called surgery points. Fort = T % , we define 
the (presurgery) time T^-slice to be (M(T l ~), g(T l ~)) = (fi* x {T l },g' Tl ). The 
points Q l x {T*} \ U % _ x {T 1 } are called presurgery points. 

If Ai has no surgery points, then we call Ai non-singular and write Ai = MxP 

We will often view Ai in the space-time picture, i.e. we imagine Ai as a 
topological space {J teI Ai (t) = [j { M % x P where the components in the latter 
union are glued together via the diffeomorphisms $\ 

The following vocabulary will prove to be useful when dealing with Ricci flows 
with surgery: 

Definition 2.2 (Ricci flow with surgery, space-time curve). Consider a sub- 
interval V C I. A map 7 : 1' — > \J teJ) Ai(t) (also denoted by 7 : I' — > Ai ) is called 
a space-time curve if j(t) G Ai(t) for all t G i/7 restricted to each sub-time- 
interval P is continuous and if lim t ^(t) G U'L and 7(T*) = $ l (Hm t x^i 7(i)) 
for all i. 

So a space-time curve is a continuous curve in Ai in the space-time picture. 

Definition 2.3 (Ricci flow with surgery, points in time). For (x, t) G Ai, consider 
a spatially constant space-time curve 7 in Ai that starts in (x, t) and goes forward 
or backward in time for some time At G R and that doesn't hit any (pre- or 
post-)surgery points except possibly at its endpoints. Then we say that the point 
(x, t) survives until time t + At and we denote the other endpoint by (x, t + At) . 
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Observe that this notion also makes sense, if (x,t ) G M. is a presurgery point 
and At < 0. 

Note that the point (x,t + At) is only defined if (x, t) survives until time t + At 
which also includes the fact that Ai is defined at time t+At. Using this definition, 
we can define parabolic neighborhoods in Ai. 

Definition 2.4 (Ricci flow with surgery, parabolic neighborhoods). Let (x,t) G 
M, r > and At G E. Consider the ball B = B(x,t,r) C M{t). For each 
(x',t) G B consider the union l£\ of all points (x',t + t') G Ai which are well- 
defined in the sense of Definition \2. 31 for t' G [0, At] resp. t' G [At, 0]. Define the 
parabolic neighborhood P(x,t,r, At) = Us'es-Vt- ^ e ca ^ P(x,t,r, At) non- 
singular if all points in B(x, t, r) survive until time t + At. 

The following notion will be used in sections [6] and [HJ 

Definition 2.5 (sub- Ricci flow with surgery). Consider a Ricci flow with surgery 
M = ((T% (M i x P,gl)i, (U l ± )i, (¥)i) on the time-interval I. Let I' C I 
be a sub-interval and consider the indices i for which the intervals I" — I 1 n I' 
are non-empty. For each such i consider a submanifold M n C M l of the same 
dimension and possibly with boundary. Let g'^ be the restriction of g\ onto M n xl n 
and set Of* = ffnM" and U'J = U l _n M fi as well as U'^ = U l + nM' i+1 . Assume 
that for each i for which I' 1 and I n+1 are non-empty, we have & l (U'_ l ) = U' + l and 
let $ /J be the restriction o/$* to U'J 1 . 

In the case in which U'J 1 = £l n = M n and U' + % = M n+1 for some i, we can 
combine the Ricci flows g' t l and g' t l+l on M n x I' 1 and M' t+l x I' t+1 to a Ricci 
flow on the time-interval I n U I n+ and hence remove i from the list of indices. 

Then M = {{T'% (M' i x I'^f);, (U' ± l )i, is a Ricci flow with 

surgery in the sense of Definition \2.1[ 

Assume that for all t G I' the boundary points dAi'(t) C M.{t) (by this we 
mean all points in A4(t) which don't lie in the interior of M.'(t) or Ai(t) \ Ai'(t)) 
survive until any other time of I' and that dA4'(t) is constant in t. Then we call 
M.' a sub-Ricci flow with surgery and we write M.' C M.. 

We will now characterize three important approximate local geometries that 
we will frequently be dealing with: e-necks, strong e-necks and (e, _E)-caps. The 
notions below also make sense for presurgery time-slices. 

Definition 2.6 (Ricci flow with surgery, e-necks). Let e > and consider a 
Riemannian manifold (M,g). We call an open subset U C M an e-neck, if there 
is a diffeomorphism $ : S* 2 x {—\,\) — > U such that there is a A > with 
||A~ 2 $*g(t) — S^xrIIcIs -1 ] < £ where gs 2 xR is the standard metric on S 2 x (— 
of constant scalar curvature 2. 

We say that x E U is a center of U if x G $(S' 2 x {0}) for such a $. 

If Ai is a Ricci flow with surgery and (x,t) G Ai, then we say that (x,t) is a 
center of an e-neck if (x, t) is a center of an e-neck in M.(t). 
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Definition 2.7 (Ricci flow with surgery, strong e-necks). Let e > and consider 
a Ricci flow with surgery M. and a time t 2 - Consider a subset U C Ai(t 2 ) and 
assume that all points of U survive until some time t\ < t 2 . Then the subset 
U x t 2 ] C Ai is called a strong £-neck if there is a factor A > such that after 
parabolically rescaling by A -1 , the flow on U x 1 2 ] is e-close to the standard 
flow on [—1,0]. By this we mean \~ 2 {t 2 — t{) = 1 and there is a diffeomorphism 
$ : S 2 x (-1, ±) -> U such that for all t G [— 1, 0] 

\\\- 2 $*g(t 2 + \ 2 t) - gs*x*(t)\\ c i'-i] < e - 

Here {gs 2 xR{t))te(~oo,o} is the standard Ricci flow on S 2 x M which has constant 
scalar curvature 2 at time 0. 

A point (x,t 2 ) G U x {t 2 } is called a center of U X [ti,t 2 ] if (x,t 2 ) G §(S 2 x 
{0} x {t 2 }) for such a $. 

Definition 2.8 (Ricci flow with surgery, (e, £')-caps). Let e,E > and con- 
sider a Riemannian manifold (M,g) and an open subset U C M. Suppose 
that (diamC/) 2 |Rm|(?/) < E 2 for any y G U and E 2 \Hm\(yi) < \Hm\(y 2 ) < 
E 2 \Rm\(yi) for any y±,y 2 G U. Furthermore, assume that U is either diffeomor- 
phic to B 3 or MP 3 \ B and that there is a compact set K C U such that U \ K 
is an e-neck. 

Then U is called an (e,E)-c&p. If x G K for such a K, then we say that x is 
a center of U . 

Analogously as in Definition \2.6\ we define (e,E)-caps in Ricci flows with 
surgery. 

With these concepts at hand we can now give an exact description of the surgery 
process that will be assumed to be carried out at each surgery time. To do this, 
we first fix a geometry which models the metric with which we will endow the 
filling 3-balls after each surgery. 

Definition 2.9 (surgery model). Consider M stan = M. 3 with its natural £0(3)- 
action and let g st an be a complete metric on M stan such that 

(1) ^stan is SO (3) -invariant, 

(2) <?stan has non-negative sectional curvature, 

(3) for any sequence x n G M stan with dist(0,x n ) — > 00, the pointed Riemann- 
ian manifolds (M stai i, fl'stan, %n) smoothly converge to the standard S 2 xR 
of constant scalar curvature 2. 

For every r > 0, we denote the r-ball around by M sta _ n {r). 

Let -D s tan > be a positive number. Then we call (M stan , ^stan, D stan ) a surgery 
model. 

Definition 2.10 ((^-positive curvature). We say that a Riemannian metric g on 
a manifold M has yj-positive curvature for if > if for every point x G M there 
is an X > such that sec x > —X and 

seals > —\<p and scal^ > 2X(log(2X) — log 9? — 3). 
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Observe that by [Ham] this condition is improved by Ricci flow in the following 
sense: If (M, (gt)te{to,ti]) is a Ricci flow on a compact 3-manifold with t > and 
g to is 1 -positive, then the curvature of g t is t _1 -positive for all t G [to,^i]- 

Definition 2.11 (Ricci flow with surgery, #(t)-precise cutoff). Let M. be a Ricci 
flow with surgery defined on some time-interval I C [0, oo) ; let (M stan , # st an> Aitan) 
be a surgery model and let 8 : I —> (0, oo) be a function. We say that M. is 
performed by 5(i)-precise cutoff (using the surgery model (M staxi , g s tan, Astan)) if 

(1) For all t the metric g(t) has t^ 1 -positive curvature. 

(2) For every surgery time T l , the subset Ai(T l ) \ U\ is a disjoint union 
D\ U D\ U . . . of smoothly embedded 3-disks. 

(3) For every such D l - there is an embedding 

$} : M^r^r)) — ► M(T) 

such that Dj C $*(M sta n(-Atan)) and such that the images $* (M s tan(5 _1 
(T 4 ))) are pairwise disjoint and there are constants < A* < 8{T % ) such 
that 

p s tan - ( A j-)" 2 (^)*5(^)|| C [«-icT<) ](Mstaii(5 -i (T i ))) < S{T). 

(4) For every such Dj, the points on the boundary of U % _ in Ai(T l ~) corre- 
sponding to dDj are centers of strong 5(T l )-necks. 

(5) For every Dj for which the boundary component of dU l _ corresponding to 
the sphere dDj bounds a 3- disk component (D')j ofM l \U t _ (i.e. a "trivial 
surgery", see below), the following holds: For every x > 0, there is some 
t x < T % such that for all t G (t x ,T l ) there is a (1 + x)-Lipschitz map 
£ : (D'Yj — > Dj which corresponds to the identity on the boundary. 

(6) For every surgery time T l , the components of Ai(T l ~) \£71 are diffeomor- 
phic to one of the following manifolds: S 2 x /, D 3 , MP 3 \ B 3 , a spherical 
space form, S 1 xS 2 , 1LP 3 #1BLP 3 and (in the non-compact case) S 2 x [0, oo), 

S 2 x R, RP 3 \B 3 . 

We will speak of each Dj as a surgery and if Dj satisfies the property described 
in (5), we call it a trivial surgery. 

If 8 > is a number, we say that M. is performed by 5-precise cutoff if this is 
true for the constant function 8(t) = 8. 

Observe that we have phrased the Definition so that if M. is a Ricci flow with 
surgery which is performed by <5(t)-precise cutoff, it is also performed by 8'{t)- 
precise cutoff whenever 8'(t) > 8(t) for all t. Note also that trivial surgeries don't 
change the topology of the component at which they are performed. 

2.2. Existence of Ricci flows with surgery. Ricci flows with surgery and 
precise cutoff as introduced in Definition 12.111 can indeed be constructed from 
any given initial metric. We will make this more precise below. To simplify 
things, we restrict the geometries which we want to consider as initial conditions. 



LONG-TIME ANALYSIS OF 3 DIMENSIONAL RICCI FLOW II 



15 



Definition 2.12 (Normalized initial conditions). We say that a Riemannian 3- 
manifold (M, g) is normalized if 

(1) M is compact and orientable, 

(2) |Rm| < 1 everywhere and 

(3) volP(:r,l) > ^ for all x G M where 003 is the volume of a standard 
Euclidean 3- ball. 

We say that a Ricci flow with surgery M. has normalized initial conditions, if 
M.(0) is normalized. 

Obviously, any Riemannian metric on a compact and orientable 3-manifold can 
be rescaled to be normalized. Moreover, recall 

Definition 2.13 (/t-noncollapsedness). Let Ai be a Ricci flow with surgery, 
(x,t) G M. and K,r Q > 0. We say that M. is K-noncollapsed in (x,t) on scales 
less than ro if vob B(x, t, r) > nr 3 for all < r < ro for which 

(1) the ball B(x,t,r) is relatively compact in M.{t), 

(2) the parabolic neighborhood P(x,t,r, — r 2 ) is non-singular and 

(3) |Rm| < r~ 2 on P(x, t, r, — r 2 ). 

We now present a definition of the canonical neighborhood assumptions which 
is a slight modification from the definitions that can be found in other sources, 
but which suits better our purposes. 

Definition 2.14 (canonical neighborhood assumptions). Let M. be a Ricci flow 
with surgery, (x,t) G M. and r, e,r] > 0, E < 00 be constants. We say that 
(x,t) satisfies the canoncial neighborhood assumptions CNA(r,e, E,i]) if either 
\Rm\(x,t) < r~ 2 or the following three properties hold 

(1) (x,t) is a center of a strong e-neck or an (e,E)-cap U C Ai(t). 

If U ~ MP 3 \ B , then there is a time t\ < t such that all points on U 
survive until time t x and such that flow on U x [ti,t] lifted to its double 
cover contains strong e-necks and both lifts of (x, t) are centers of such 
strong e-necks. 

(2) |V|Rm|- 1 / 2 |(a;,t) < rf x and |o» t |Rm) _1 1 (x, t) < rf 1 - 

(3) vol t B(x,t,r') > 7]{r'f for all < r' < (Rmj" 1 / 2 ^, t). 

or property (2) holds and the component of Ai{t) in which x lies, is closed and 
the sectional curvatures are positive and E-pinched on this component, i.e. they 
are contained in an interval of the form (A, EX) for some A > (and hence that 
component is diffeomorphic to a spherical space form). 

Note that we have added an additional assumption in the case in which U ~ 
IRP 3 \ B to ensure that the canonical neighborhood assumptions are stable when 
taking covers of Ricci flows with surgery (compare with Lemma I6\2|) . We remark 

that a manifold which contains a set diffeomorphic to RP 3 \ B , admits a double 
cover in which this set lifts to a set diffeomorphic to S 2 x (0, 1). So it is possible to 
verify this extra assumption if all the other canonical neighborhood assumptions 
hold in any double cover. 
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The following proposition provides a characterization of regions of high curva- 
ture in a Ricci flow with surgery which is performed by precise cutoff. The power 
of this proposition lies in the fact that none of the parameters depends on the 
number or the preciseness of the preceding surgeries. Hence, it provides a tool 
to perform surgeries in a controlled way and hence is used to construct long-time 
existent Ricci flows with surgery as presented in Proposition 12.161 below. It also 
plays an important role in their long-time analysis and will in particular be used 
in sections S] and 

Proposition 2.15 (Canonical neighborhood theorem, Ricci flows with surgery). 

For every surgery model (M stan , g stan , Z) stan ) and every e > there are constants 
i] > and E_ £ < oo and decreasing continuous positive functions r^,^, « : 
[0, oo) — > (0, oo) such that the following holds: 

Let Ai be a Ricci flow with surgery on some time-interval [0,T) which has 
normalized initial conditions and which is performed by 5 £ (t) -precise cutoff. Then 
for every t G [0, T) 

(a) M. is K_{t) -noncollapsed on scales less than \fi at all points of Ai(t). 

(b) All points of M.{t) satisfy the canonical neighborhood assumptions CNA 
(r £ (t), e,E„rj). 

For a proof of this proposition and of Proposition 12 . 161 see |Per2j . |KLlj . |MTlj . 
[BBBMPlJ, [BamlJ. The following proposition provides us an existence result for 
Ricci flows with surgery. 

Proposition 2.16. Given a surgery model (M stan , g stan , D stan ), there is a contin- 
uous function 5 : [0, oo) — > (0, oo) such that if 8' : [0, oo) — > (0, oo) is a continuous 
function with 5'{t) < 5(t) for all t e [0, oo) and (M,g) is a normalized Riemann- 
ian manifold, then there is a Ricci flow with surgery Ai defined for times [0, oo) 
such that A^(0) = (M, g) and which is performed by 5' (t) -precise cutoff. ( Observe 
that we can possibly have A4(t) = for large t.) 

Moreover, if M. is a Ricci flow with surgery on some time-interval [0, T) which 
has normalized initial conditions and which is performed by 5(t) -precise cutoff, 
then M. can be extended to a Ricci flow on the time-interval [0, oo) which is 
performed by S'(t)-precise cutoff on the time-interval [T, oo). 

We point out that the functions 5 e (t), r £ (t), n(t) and the constants 1],^ in 
Proposition I2.15I as well as the function S_ (t) in Proposition I2.16I depend on the 
choice of the surgery model. 

From now on we will fix a surgery model (M stan , fi'stan, ^stan) 
for the rest of this paper and we will not mention this 
dependence anymore. 

3. Preliminaries on 3-dimensional topology 

In this section we present important topological facts which we will frequently 
use in the course of the paper. A more elaborate discussion of most of these 
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results can be found in [Hat]. In the following, all manifolds are assumed to be 
connected and 3-dimensional. 

Definition 3.1 (prime manifold). A manifold M is called prime, if it cannot be 
represented as a direct sum M = M\j^M.2 of two manifolds M\, M2 which are 
not diffeomorphic to spheres f~ S 3 ). 

Definition 3.2 (irreducible manifold). A manifold M is called irreducible, if 

every smoothly embedded 2-sphere S C M bounds a smoothly embedded 3-disk 
D c M, dD = S. 

Recall a manifold is prime if and only if it is either irreducible or diffeomorphic 
to S* 1 x S 2 (cf [HatJ Proposition 1.4]). We furthermore have 

Proposition 3.3. An orientable manifold M is irreducible if and only ifiT2{M) = 
0. 

Proof. The backward direction follows from the Sphere Theorem (cf |Hatl The- 
orem 3.8]). For the forward direction suppose that ^(M) = and let S C M 
be a smoothly embedded sphere. So S is contractible and by [Hat} Proposition 
3.10], it bounds a compact contractible submanifold iV C M. Following [Hat} 
Proposition 3.7], we conclude that if we attach a 3-disk to N, we obtain a closed, 
simply-connected manifold M'. By the resolution of the Poincare Conjecture, 
M' w S 3 and hence JV is a 3-disk. □ 

Definition 3.4 (incompressibility) . Let X be a topological space and Y C X a 
connected subspace. Then we call Y (algebraically) incompressible in X if the 
induced map 7Ti(Y) — > 7Ti(X) is injective. Otherwise, we call Y (algebraically) 
compressible. 

Proposition 3.5. Let M be a manifold with boundary. If C C dM is an embed- 
ded circle which is nullhomotopic in M , then C bounds an embedded disk D in 
M, i.e. dD = C andDn dM = C. 

Proof. See [Hatl Corollary 3.2]. □ 

Proposition 3.6. Let M be a manifold (possibly with boundary) and S C M a 
2-sided embedded, connected surface. Then S is algebraically compressible if and 
only if there is an embedded C C S which is homotopically non-trivial in S and 
which bounds an embedded compressing disk D C M which meets S only in its 
boundary, i.e. dD = C and D fl S = C . 

In particular, the statement holds if S = dM. 

Proof. See |Hatj Corollary 3.3]. □ 

Lemma 3.7. Let M be a closed, irreducible manifold and let T C M be an 
embedded, 2-sided, compressible torus. Then T separates M into two components 
U , V (i.e. M = U U V and U fl V = T) and we can distinguish the following 
cases: 
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(a) Neither of the components U orV is diffeomorphic to a solid torus S 1 xD 2 . 
Then the compressing disks D for T either all lie in U or in V and for 
each such D a tubular neighborhood of D U V or D U U ( depending on 
whether D C U or D G V) is diffeomorphic to a 3-ball. 

(b) Only one of the components U , V is diffeomorphic to a solid torus. As- 
sume that this component is U. Then T has compressing disks in U . If it 
also has compressing disks in V , then U is contained in an embedded 3-ball 
in M and U is compressible in M (i.e. the map Z = tt\{U) — > ttx(M) is 
not injective). 

(c) Both U and V are diffeomorphic to solid tori. Then M is diffeomorphic 
to a spherical space-form. 

Proof. For the first part see |Hatl p. 11]. Let D be a compressing disk for T and 
assume that D C U. Again by [Hat, p. 11], we know that either U is a solid torus 
or a tubular neighborhood of D U V is diffeomorphic to a 3-ball. So if in case (a) 
there are compressing disks for T in both U and V, then M is covered by two 
embedded 3-balls and we have M ~ S 3 by Lemma [3.8( a) (observe that the proof 
of Lemma [3.8( a) does not make use of this Lemma). However, this contradicts 
the fact that an embedded 2-torus in S" 3 bounds a solid torus on at least one side 
(see |Hat[ p. 11]). Case (b) is clear. 

Consider now case (c). Let Ki,K 2 C tci(T) = Z 2 be the kernels of the pro- 
jections tti(T) -> m(U) and tti(T) -> m(V). If K x = K 2 , then M « S 1 x S 2 
contradicting the assumptions on M. So K\ ^ K 2 . Let a« G Ki be generators. 
By an appropriate choice of coordinates, we can assume that ai = (1,0) e Z 2 
and a 2 = (p, q) G Z 2 where < p < q. Then M is diffeomorphic to the lens space 
L(p,q). □ 

Lemma 3.8. Let M be closed manifold and assume that M = U U V . Then 

(a) If U and V are diffeomorphic to a ball, then M £s S 3 . 

(b) If U is diffeomorphic to a solid torus S 1 x D 2 and V is diffeomorphic to 
a ball, then M w S 3 . 

(c) IfU and V are diffeomorphic to a solid torus ~ S 1 x D 2 , then M is either 
not irreducible or it is diffeomorphic to a spherical space form. 

Proof. In case (a), we can assume that U and V are the interiors of compact 
embedded 3-disks. So dU C V. By Alexander's Theorem (cf |Hat[ Theorem 
1.1]), dU bounds a 3-disk in V . So dU bounds a 3-disk on both sides and hence 
M w S 3 . 

Case (b) follows along the lines; note that every embedded sphere in a solid 
torus bounds a ball. 

For case (c) we can assume that M is irreducible. Moreover, by adding collar 
neighborhoods, we can assume that dllddV = 0. Let T = dU and V = M\Int U. 
Then T is compressible in V and by Proposition 13. 6[ we find a spanning disk 
D C Int V. If also D C U, then U \ D is a 3-ball and M = (U \ D) U V and we 
are done by case (b). So assume that D C V . Then by Lemma l3T7T b). either V 
is a solid torus or U is contained in an embedded 3-ball B C M. In the latter 
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case M = B U V and we are again done by case (b). Finally, if V is a solid torus, 
we are done by Lemma l3.7f c). □ 

Lemma 3.9. Let M be a manifold and T C M an embedded 2-torus which 
separates M into two connected components whose closures U,V C M are diffeo- 
morphic to Klein 2 xl and S 1 x D 2 each. Then M is either not irreducible or it 
is diffeomorphic to a spherical space form. 

Proof. Consider the double cover U — > U for which U ~ T 2 x I. This cover 
extends to a double cover M — > M. Let T' C M be the torus which projects to 
the zero section in Klein 2 xJ. Then as in the last part of the proof of Lemma 
13.7( c) we can write M = Si#t'S>2 where Si and S 2 are solid tori. So M is either 
diffeomorphic to S 1 x S 2 or a lens space. In the first case, M is either diffeomorphic 
to S 1 x S 2 or MP 3 #IRP 3 and in the second case, M is still spherical (see also 
|Asap . □ 

The following Lemma will be important in the proof of Lemma 15.51 

Lemma 3.10. Let M be compact, orientable, irreducible manifold (possibly with 
boundary) which is not diffeomorphic to a spherical space form. Consider a com- 
pact, connected 3- dimensional submanifold N C M whose boundary components 
are tori and which carries a Seifert fibration that is compatible with these bound- 
ary tori. Assume that each boundary component T C dN which is compressible 
in M, either bounds a solid torus ~ S 1 x D 2 on the other side or T separates M 
into two components and is incompressible in the component of M\T which does 
not contain N (ifTc DM, then this component is empty). 

Then either there is one boundary torus T C ON which bounds a solid torus 
on the same side as N or every boundary component of N either bounds a solid 
torus on the side opposite to N or it is even incompressible in M . Moreover, in 
the latter case, the generic Seifert fibers of N are incompressible in M . 

Proof. Some of the following arguments can also be found in |Fae] and [MT2J. 
Denote the boundary tori of N by Ti, . . . , T m . Assume that there is a component 
Ti which bounds a solid torus Si on the side opposite to iV such that the Seifert 
fibers in Tj are incompressible in Si. Then we can extend the Seifert fibration of 
N to Si. So assume in the following that for any Tj which bounds a solid torus Si 
on the other side, the Seifert fibers of Tj are nullhomotopic in S^. Denote by B 
the base orbifold of the Seifert fibration on iV and call the projection tt : iV — > B. 
We remark that since M is orientable, the only singular points of B are cone 
points. Each Tj corresponds to a boundary circle Ci = 7r(T) C dB. 

We first show that that there is at most one T which bounds a solid torus Si 
on the side opposite to N (we will call it from now on Ti): Assume, there were 
two such components T\ and T 2 and denote the respective solid tori by Si and 
S2. Let a C B be an embedded curve connecting G\ and C<i which does not 
meet any singular points. The preimage Z a = 7r _1 («) C iV is a cylinder whose 
boundary components are each nullhomotopic in Si resp. S 2 . Let Di C Si resp. 
D 2 C S 2 be spanning disks for Z a D dSi resp. Z a D dS 2 - Then S a = D 1 U Z a U D 2 
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is an embedded 2-sphere. Since D\ or D 2 are non-separating in Si resp. 5*2, we 
conclude that S Q is non-separating in M. This contradicts the assumption that 
M is irreducible. 

Next, we show that if T\ bounds a solid torus Si on the side opposite to N, 
then the topological surface underlying B is (a disk or) a multi-annulus: Assume 
not. Then there is an embedded, non-separating curve a C B whose endpoints 
are distinct and lie in G\. As before, this yields a non-separating sphere S a C M 
contradiction the irreducibility assumption of M. 

Assume now for the rest of the proof that none of the tori Tj bound a solid 
torus on the same side as N. We will show in the following that then none of 
the tori T bounds a solid torus on either side and that all T as well as that the 
generic Seifert fibers on iV are incompressible in M. 

First assume that T\ bounds a solid torus Si (on the side opposite to N). So 
the topological surface underlying B is a multi-annulus. We can find a collection 
of embedded curves aii, . . . , cn^ C B with endpoints in C\ which do not meet 
any singular points and which cut B into smaller pieces, each of which contain 
at most one singular point or one boundary component and which are bounded 
by at most two of the curves oti and parts of G\. The corresponding spheres 
E ai , . . . , £ aji C M bound closed 3-balls Bx, ■ ■ ■ , B\~ C M. Two such balls are 
either disjoint or one is contained in the other. Hence, either there is one Bi 
containing all other balls or there are two balls Bi, Bj such that any ball is 
contained in one of them. It is easy to conclude from the position of these balls 
relatively to Si that U — Si U resp. Si U Bi U Bj is diffeomorphic to a solid 
torus. We can now distinguish the following cases: 

— If a; (and possibly aj) enclose an orbifold singularity, then the complement 
of U is a solid torus and we obtain a contradiction using Lemma [3.8( c). 

— If they enclose a boundary component Ck of B, then we argue as follows: 
Let a' be a curve connecting Ck with C\ which does not intersect ctj U atj 
and choose a spanning disk D' C Si for the curve Z a i D dSx ■ Then Z a i U D' 
is a compressing disk for Tk and Tk does not bound a solid torus. So by 
Lemma l3T7l (a). a tubular neighborhood of Tk U Z a > U D' is diffeomorphic 
to a 3-ball. This implies that M is covered by a solid torus and a ball and 
Lemma l3T51 (b) gives us a contradiction. 

Hence, none of the Tj bound a solid torus on either side. 

We argue that the generic Seifert fibers of N are incompressible in iV: Using 
Lemma l3"T8T c). it is easy to see that B cannot be a bad orbifold (i.e. the tear 
drop or the football) or a quotient of the 2-sphere. So, we can find a (possibly 
non-compact) cover B — > B such that B is smooth and corresponding to this 
a cover iV — > N such that we have an S 1 -fibration iV — >■ B. Observe that B 
is not a 2-sphere, because otherwise by Lemma 13.81( c) iV w S 3 in contradiction 
to our assumptions. Using the long exact homotopy sequence and the fact that 
7r 2 (-B) = 0, we see that a lift of any generic S 1 -fiber 7 is incompressible in N 
implying that 7 is incompressible in N. 



LONG-TIME ANALYSIS OF 3 DIMENSIONAL RICCI FLOW II 



21 



Next we show that any generic 5' 1 -fiber 7 of N is incompressible in M: Assume 
there is a nullhomotopy / : D 2 — > M for a non-zero multiple of 7. By a small 
perturbation, we can assume that / is transversal to the boundary tori T%, . . . , T m . 
So / _1 (Ti U . . . UT m ) consists of finitely many circles. Look at one of those circles 
7' C D 2 which is innermost in D 2 and assume f("/) C Tj. If f\y is homotopically 
trivial in Tj, then we can alter / such that 7' is removed from the list. So assume 
that f\y is homotopically non-trivial in Tj. Let D' C D 2 be the disk which is 
bounded by 7'. Then by Proposition 13.61 and Lemma [3.7( b) we have f{D') C N. 
Since the generic Seifert fibers of N are incompressible in N, f\y cannot be 
homotopic to such a fiber, so it projects down to a curve which is homotopic 
to a non-zero multiple of the boundary circle Ci under 7r. Hence, a non-zero 
multiple of Ci is homotopically trivial in 7i"i or bifoid(-B)- We conclude that B can 
only be a disk with possibly one orbifold singularity. But this implies that N is 
diffeomorphic to a solid torus, in contradiction to our assumptions. 

It remains to show that all tori T are incompressible in M . By Lemma l3~7?Y a). 
we conclude that of T is compressible in M, then T is contained in an embedded 
3-ball. But this however contradicts the fact that the generic Seifert fibers of N 
are incompressible in M. □ 

4. PERELMAN'S LONG-TIME ANALYSIS RESULTS AND CERTAIN 

GENERALIZATIONS 

4.1. Perelman's long-time curvature estimates. In this subsection, we will 
review some of Perelman's long-time analysis results (see [Per2j). We will gen- 
eralize these results to the boundary case and go through most of their proofs. 
The most important result of this section will be Proposition 14.21 below and will 
be used in section [HI however many of the Lemmas leading to this Proposition 
will also be used in that section. The boundary case will be important for use, 
because we want to do analysis in local covers. 

The following notation will be used throughout the whole paper. 

Definition 4.1. Let (M,g) be a Riemannian manifold and x G M a point. We 
define 

p{x) = sup{r : sec > — r -2 on B(x,r)}. 

For tq > we set furthermore p ro {x) = min{p(x), ro}. // {M,g) = Ai(t) is the 
time-slice of a Ricci flow (with surgery) Ai, then we often use the notation p(x,t) 
and p ro (x, t). 

We now present the main result of this section. We point out a small inaccuracy 
which we will encounter in the next Proposition as well as in the following results 
of this section and which we will from now on accept without further mention: We 
will often be dealing with Ricci flows with surgery M. defined on a time-interval 
of the form [t — ^0^0] an d most results require certain canonical neighborhood 
assumptions to hold on Ai. For times which are very close to to ~ r o this may 
be problematic since strong e-necks might stick out of the time-interval. This 
inconsistency however does not create any problems since in our applications 
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A4 will always arise from the restriction of a Ricci flow with surgery defined 
on the time-interval [0,oo). One could resolve this issue e.g. by requiring the 
canonical neighborhood assumptions to hold on a slightly smaller time-interval 
[to — 0.99rQ,t ] or by adapting the definition of strong e-necks. 

Proposition 4.2 ( [Per 2} 6.8] in the non-compact case). There is a constant Eq > 
such that for all w,r,rj > and E < oo and 1 < A < oo and m > there 
are r = t(w, A, E, rj), f — f(w, A, E,r)),r — r(w, E,r)),8 — 5{r, w, A, E, r\, m) > 
and K m = K m (w , A, E , r/) , Ci = C\{w , A,E ,r\),Z = Z{w, A,E ,r\) < oo such 
that: 

Let Tq < to/ 2 and let Ai be a Ricci flow with surgery (whose time-slices are 
allowed to have boundary) on the time-interval [to — r^to] which is performed 
by 5-precise cutoff and consider a point xo G .M (to)- Assume that the canonical 
neighborhood assumptions CNA(r,Eo, E,rj) as described in Definition 2.14 are 
satisfied on M. . We also assume that the curvature on M. is uniformly bounded 
on compact time-intervals which don't contain surgery times and that all time 
slices of M. are complete. 

In the case in which some time-slices of M. have non-empty boundary, we 
assume that 

(i) For all t±,t2 G [to ~ Jo r o,to], ti < h we have: if some x G B(xq, to, r ) 
survives until time t 2 and 7 : [ti,^] M. is a space-time curve with end- 
point 7(^2) G B(x,t, (v4 + 3)ro) which meets the boundary dAi somewhere, 
then it has C-length £(7) > Zr (based in t 2 , see M-lty ). 
(ii) For all t G [to — ^o^o] we have: if some x G B(xq, to, ro) survives until 
timet, then B(x, t, 2(A + 3)r + r) does not meet the boundary M.{t). 
Now assume that 
(Hi) r < fy/%, 

(iv) sec( > — r 2 on B(xo,to,r ) and 

(v) vo\t B(xo,to,r ) > wrl. 

Then |V fc Rm| < K m r^ 2 ~ k on B(xo, to, Ar ) for all k < m. In particular, if 
r = p(x , t ), then r > r\/to"- 

If moreover C\5 < ro, then the parabolic neighborhood P(xo, to, Aro, — rr^) is 
non-singular and we have |V fc Rm| < Kfcr ~ 2_fc on P{xo, to, Aro, ~ Tr o) f or a ^ 
k < m. 

The following Corollary is a consequence of Propositions 14.21 and 12.151 

Corollary 4.3 (cf [Perl} 6.8, 7.3]). There is a continuous positive function 5 : 
[0, 00) — > (0, 00) such that for every w>0, l<A<oo and m > there 
are constants r = r(w,A),p = p(w,A),f = r{w,A),ci = ci{w,A) > and 
T = T{w, A, m), K m = K m {w, A) < 00 such that: 

Let Ai be a Ricci flow with surgery on the time-interval [0, 00) with normalized 
initial conditions (whose time-slices are all compact) and which is performed by 
S(t)-precise cutoff. Let t > T and x G A4(t). 

(a) If < r < min{p(x, t), f~\/t} and vo\ t B (x , t , r) > wr 3 , then |V fc Rm| < 
K m rQ 2 on B(x,t,Ar) for all k < m. Moreover, if all surgeries on the 
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time-interval [t — r 2 ,t] are performed by c\r-precise cutoff, then the para- 
bolic neighborhood P(x, t, Ar, —rr 2 ) is non-singular and we have | V fc Rm| < 
K m r~ 2 ~ k on P(x, t, Ar, —rr 2 ) for all k < m. 
(b) If volt B(x, t, p(x, t)) > wp 3 (x,t), then p(x,t) > ~p~\ft and the parabolic 
neighborhood P(x,t, A\/t, —rt) is non-singular and we have |V fc Rm| < 
K m t- x - k l 2 on P(x, t, Ay/i, -rt) for all k<m. 

In the case A — 1, this Corollary implies |Per2[ 6.8] and parts of |Per2} 7.3]. 

In the following, we will present proofs of Proposition 14.21 and Corollary 14.31 
They require a few rather complicated Lemmas which we will establish first. The 
proofs of Proposition 14. 21 and Corollary 14 . 3 1 can be found at the end of this section. 
Note that the following arguments will be very similar to those presented in |Per2] 
and |KL1] with small modifications according to the author's taste. Occasionally, 
we will omit shorter arguments and refer to [KLlJ. The main objective in the 
proofs will be the discussion of the influence of the boundary. Upon the first 
reading, it is recommended to skip the rather uninnovative remainder this section. 
The boundary case of Proposition 14.21 will only be used in subsection 16.61 and the 
exact phrasing of conditions (i) and (ii) will turn out to be not as important as 
it might appear here. 

The following distance distortion estimates will be used frequently throughout 
this paper. 

Lemma 4.4 (distance distortion estimates). Let (M, (g t ) te ^ tltt2 ]) be a Ricci flow 
whose time-slices are complete and let X\,x 2 £ M. Then 

(a) IfKict < K along any minimizing geodesic between X\ and X2 in (M,g t ), 
then at time t we have 4 distt(xi, X2) > —K dist t (xi, x 2 ) . Likewise if 
Rict > —K along any such minimizing geodesic, then distf(xi, x 2 ) < 
K dist 4 (xi,x 2 ). 

(b) If at some time t we have distt(xi, £2) > 2r and Rict < r -2 on B(xi,r) U 
B(x2, r) for some r > 0, then dist^i, X2) > — fr 1 . 

Proof. See [KLT1 sec 27], jPeTTl 8.3], jBamll sec 2.3]. □ 

We will also need 

Lemma 4.5. Let Ai be a Ricci flow with surgery which satisfies the canonical 
neighborhood assumptions CNA(r,e, E,rj) for some r,e,E,rj > 0, let (x,t) £ Ai 
and set Q = |Rm| (x, t) . 

(a) If Q < r~ 2 , then |Rm| < 2r~ 2 on P(x,t, ^r, -j^r 2 ). 

(b) IfQ> r~ 2 , then |Rm| < 2Q on P(x,t, ^Q~ 1 ' 2 , -^Q' 1 ) ■ 

Proof. See [Pel^ 4.2], [KLT1 Lemma 70.1], jBamll sec 6.2]. □ 

Before we present the first main Lemma, we recall the /^-functional as defined 
in [Per 1| sec 7]: For any smooth space-time curve 7 : [ti,t 2 ] — > A4 (ti < t 2 < to) 
in a Ricci flow with surgery A4 set 

C{i)= ^v / ^o~ ^ ^ 7 (|7 , | 2 (^ , ) + scal(7(t , ),0)^ , • (4-1) 
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We say that C is based in to and call £(7) the C-length of 7. Every 7 which is a 
critical point of C is called C- geodesic. 

Lemma 4.6 (cf |Per2| 6.3(a)]). For any 1 < A < 00 and w,r,e, E,r) > taere 
are «; = «(k;, A, 77), 5 = 8(w, A, r, rj) > 0, Z — Z(A) < 00 such that: 
Let r 2 . < t /2 and let M. be a Ricci flow with surgery (whose time-slices are 
allowed to have boundary) on the time-interval [t — r 2 ,t ] which is performed 
by 5-precise cutoff and consider a point xo G Ai(t ). Assume that the canonical 
neighborhood assumptions CNA(r,e, E,rj) are satisfied on Ai. We also assume 
that the curvature on Ai is uniformly bounded on compact time-intervals which 
don't contain surgery times and that all time-slices of Ai are complete. 

Assume that the parabolic neighborhood P(xo,t Q ,r , — Tq) is non-singular, that 
|Rm| < t-q 2 on P(x , t , r , -r 2 ) and vol to B(x , t , r ) > wr^. 

In the case in which some time-slices of M. have non-empty boundary, we 
assume that 

(i) every space-time curve 7 : [t, to] - > M. with t G [to — ^o>^o) which ends in 
7(^0) £ B(xq, to, Aro) and which meets the boundary dM.(t') at some time 
t' G [t,to], has C-length £(7) > Zr (based in t ), 

(ii) the ball B(x ,to, (2A + l)r Q + r) does not hit the boundary dA4(t Q ) and for 
every t E [to — \rQ,t ] the ball B(xo,t, A(l — 2(t — t) r o~ 2 ) r o + Jo r o) does 
not hit the boundary dAi (t) . 

Then Ai is K-noncollapsed on scales less than ro at all points in the ball 
B(xo,to,Ar ). 

Proof. We first consider the case in which the component of Ai (t) which contains 
xo is closed and has positive sectional curvature. Then the sectional curvature is 
also positive on the component of At(t ) which contains Xq and we are done by 
volume comparison. So in the following, we exclude this case and hence the last 
option in the Definition 12.141 of the canonical neighborhood assumptions will not 
occur. 

Let X\ G B(xo, to, Ar ) and < r\ < r such that B(xi,to,ri) does not hit 
the boundary dA4(to), that P(xi,t ,r 1 , — r\) is non-singular and |Rm| < rf 2 on 
P{x u t Q ,r 1 , -r\). 

Claim 1. There is a universal constant 5o > such that if 5 < 5o, then we can 
restrict ourselves to the case r\ > \r. By this we mean that if the Lemma holds 
under this additional restriction for some k' = K'(w,A,r]) > then it also holds 
whenever 77 < |r for some k = k{w, A, rj) > 0. 

Proof. Let s > be the supremum over all r\ which satisfy the properties above. 
If s < \r, then there are several cases: 

(1) The closure of B{x\, t , s) hits the boundary dAi(t ). This case is excluded 
by conditin (ii). 

(2) The closure of P(xi,t ,s, —s 2 ) hits a singular point (x',t'). By Definition 
12.11( 3). there is a neighborhood U C Ai{t') of (x',t') whose geometry 
is modeled on a standard solution on a scale of at least CiS for some 
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universal c\ > 0. So for sufficiently small 5, we can find point {x",t') G 
P(xi, to, s, — s 2 )nU such that B(x", t', C2S) C P(x±, to, s, — s 2 )nU for some 
universal C2 > 0. Since the standard solution is uniformly noncollapsed, 
we find volf/ B(x", t! , C2S) > n's 3 for some universal k' > 0. So by volume 
distortion vo\ to B(xi,t , s) > k"s 3 for some universal k" > 0. By volume 
comparison, this implies vol io B(xi,to, rj.) > nrf for some universal k > 0. 

(3) There is a point (x 1 , t') in the closure of P(xi,t , s, — s 2 ) with |Rm|(x', t') = 
s~ 2 . Then by Lemma ETo1 and the canonical neighborhood assumptions, we 
can find a point (x",f) G P{xi, t , s, -s 2 ) n M{t') such that \Rm\(x",t') > 
|s~ 2 > r~ 2 and B{x" , t! , cis) C P{x\,to, s, —s 2 ) for some universal C2 > 0. 
By the canonical neighborhood assumptions, we have voL/ B(x", t', C2S) > 
r/cls 3 and as in case (2) we can conclude that vol to B(x\, t , r x ) > kt\ for 
some universal k = k{t]) > 0. 

(4) We have s = r . So r < \r. In this case choose < d < (A + l)r 
maximal with the property that |Rm| < r^ 2 = s~ 2 on B(xi,t ,d). So 
d > r . If d = (A + l)r , then 

volto B {%i,to, d) > vol to S(x , to, r ) > wrj^ = + ^ 3 d 3 . 

So by volume comparison and assumption (ii) we obtain a lower volume 
bound on the normalized volume of B(x\, t , r\) since r\ < r < d. As- 
sume now that d < (A + l)ro- Then |Rm|(x',to) — r o" 2 — 4r -2 for 
some (x',to) in the closure of B{x\,to,d). As in case (3), we can find 
a point (x",to) G B(xi,t , d — Cir ) with |Rm|(x",to) > | r o 2 > r ~ 2 - 
By the canonical neighborhood assumptions, we have vol fo B{x\,to,d) > 
voh B{x" , to, C\To) > rjc\rQ. So again by volume comparison, we find that 
vol^ B(x\, t , ri) > nr\ for some k = n(rj, A) > 0. 

Lastly, if s > |r, then the conditions hold for some r[ > |r. If the assertion of the 
Lemma holds for r[ and some k' = k'(w,A,t]) > 0, then by volume comparison, 
it also holds for any r% < r[ and some k = k(w, A, if) > 0. □ 

So assume in the following that t\ > \r. We will now set up an £-geometry 
argument. Define for any t G [to — Tq, to] and y G M.(t) 

L(y, t) = inf {£(7) : 7 : [t, t ] -)■ smooth, 7(f) = y, 7(^0) = xA. 
Moreover, set 



L(y, t) = 2y/to~=tL(y, t) and £{y, t) = M y, t) . 

^yt — t 

Let 

D t = {y G M{t) : there is a minimizing £-geodesic 7 : [t, to] — > M. \ dM. 
with j(t) = y and 7(^0) = X\ which does not hit any surgery points}. 
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We can then define the reduced volume 

V(t) = (t - ty n/2 [ e^'Wol*. 

It is shown in [Perl] that V(t) is non- decreasing in t. 

We will now show that the quantity £(-,t — r^) is uniformly bounded on 
B(xq, t Q , r ) by a constant only depending on A if 6 is chosen small enough de- 
pending on A, r and rj. To do this we will make use of a maximum principle 
argument on D t . The following claim will ensure hereby that extremal points of 
L lie inside D t . 

Claim 2. For any A < oo there is a constant 5* = 5*(A,r,i]) > such that 
whenever 5 < 5* and Z > A, then the following holds: Assume that r\ > §r. If 
t G [to — rl,t ], V e M.{t) and L(y,t) < Ar , then y G D t and (y,t) is not a 
surgery point. 

Proof. Assume that y G A4(t) \ D t . Then there is a space-time curve 7 : [t, t ] — >■ 
A4 with £(7) < Ar which either touches dAi or a surgery point. The first 
case is excluded by assumption (i), so 7 touches a surgery point. Now the Claim 
follows from |Per2} 5.3], |KL1| Lemma 79.3], [Baml} p 92]. Note that this Lemma 
is still true in the boundary case since by Definition 12. 111( 3) for every surgery 
point (y',t?) G A4, we have dist t /(?/, dM. (t')) > c<5 -1 for some universal constant 
c> 0. □ 

Observe that for all t G [t — r 2 ., to], we have 

3 

scal(-,t) > -— > -3r 2 . 

So 

L{-,t) > -6Vh=t [ 1 rfy/to~=Vd£ = -4r 2 (t - tf . 

Hence, for t G [to — |^o^o] we have 

L(-, t) = !(-, t) + 2r Vto~^t > 0. 

Let be a cutoff function which is constantly equal to 1 on (—00, ^] and 00 on 
[jq, 00) and satisfies 

2 Ml! - 0" > (2A + 300)0' - C(AU. 

Here C(A) < 00 is a positive constant which only depends on A. Then set for all 
t G [t - §7*0, t ] and y G M(t) 

h(y,t) = ^(r^distt^y) - A(l - 2r \t - t)))Z(y,t). 

So h(-,t) is infinite outside B(x , t, A(l - 2(t - t)r 2 )r + ^r ) C M(t)\dM(t) 
(compare with assumption (ii)) and hence it attains a minimum ho(t) at some 
interior point y G M.(t). 
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Assume first that h(y,t) < 2r v / £o — t exp(C (A) + 100). So L(y,t) < r exp 
(C(A) + 100). Then by Claim 2, assuming 5 < 5*(exp{C{A) + 100), r, rj) , and 
Z > exp(C(A) + 100) we have y G D t and we can compute (cf |Per2| 6.3], |KL1| 
sec 85]) 

So we have 

d t ho(t) \ 50r 



r °^( l0g 



> -C(A) 



\ft§—t) y/to — t 

if /i (t) < 2r ov ^r r texp(C(A) + 100). 

Since 7^7= -> 2 for t ->• t , we find that if h {t') < 2r Vt - f exp{C(A) + 
100) for all t' G [t,t ], then 

h (t) < 2r 0V / V r ^exp (C(A)tq 2 (t - t) + 100r ' 1 v / V r t) 



< 2r ^t^texp{C{A) + 100). 



This implies that the assumption h (t) < 2r y/to — texp(C(A) + 100) is actually 
satisfied for all t G [to — | r o>^o]- So we can find aye B(xo,t — |rg, 7^r ) such 
that L(y, t Q - |rg) < r exp(C(A) + 100) = C'(^) r o- 

Since by length distortion estimates B(xo,t — ^r^, -^r ) C B(xo,t , |r ), we 
conclude by joining paths that for all x G -B(x ,to ; r o) we have L(x,t — r 2 ,) < 
C"(yi)ro. So assuming 5 < 5*(C"(A),r,rj) and Z > C"(A), we can use Claim 2 
to conclude that P(xq, to, r , — r 2 ) r\A4(to — r 2 ,) C D to _ r 2 and we have 

V^ -r 2 ) >«(«;, A) 

for some constant v(w, A) > which only depends on A and 10. This gives us 
a uniform lower bound on rf 3 voh B(x 1 , t , ri) (cf [Perl[ 7.3], |KL1[ Theorem 
26.2], jBamll Lemma 4.2.3]). □ 

The noncollapsing result from Lemma fl~6l will be applied in Lemma 14. 101 below . 
Before we continue, we introduce the following type of solutions which will be 
used as a model for singularities and for regions of high curvature. The definition 
makes sense in all dimensions. 

Definition 4.7 (re-solution). Let re > 0. An ancient solution to the Ricci flow 
(M, (gt)te(-oo,o]) is called a re-solution if 

(1) The curvature is uniformly bounded on M x (— oo,0]. 

(2) The metric on every time-slice is complete and has non-negative curvature 
operator. 

(3) The scalar curvature at time is positive. 

(4) At every point the scalar curvature is non-decreasing in time. 

(5) The solution is n-noncollapsed on all scales at all points. 

We mention that there is a re > such that every 3 dimensional re-solution 
which is not round, is in fact a re -solution (cf [Perl} 11.9], |KL1| Proposition 
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50.1]). K-solutions can be used to detect strong £-necks or (e, _E')-caps or more 
generally to verify the canonical neighborhood assumptions as explained in the 
next Lemma. 

Lemma 4.8. There is an rj > and for any e > there is an E = E(e) < oo such 
that for every orientable 3 dimensional n-solution (M, (gt)te(-oa,o\) the following 
holds: For all r > 0, the canonical neighborhood assumptions CNA(r,e, E,rj) 
hold everywhere on M x (— oo,0]. More precisely, either M is a spherical space 
form or for any (x,t) G M x (— oo,0] we have: 

(a) (x,t) is a center of a strong e-neck or an (e,E)-cap U C M. 

If U C MP 3 \ B , then there is a double cover of M such that any lift of 
(x, t) is the center of a strong e-neck. 

(b) |V|Rm|- 1 / 2 |(x,t) < r]- 1 and I^Rm]- 1 ^, t) < r)~ l . 

(c) vol t B(x, t, r') > r/r 3 for all < r' < |Rm| _1 / 2 (x, t). 

Proof. See [PerTl 11.8], [KLT1 Corollary 48.1], jBamll Theorem 5.4.11]. □ 

The following Lemma will enable us to identify ^-solutions as limits of Ricci 
flows with surgeries under very weak curvature bound assumptions. 

Lemma 4.9. There is ane^ > such that: LetAi a be a sequence of 3- dimensional 
Ricci flows with surgery on the time-intervals [—Tq,0], r a < Tq, Xq G M.(0) a se- 
quence of basepoints which survive until time r a , and a a — > oo a sequence of posi- 
tive numbers such that for P a = {(x,t) G Ai a : t G [— r a ,0], distt(xg, x) < a a } 
the following statements hold 

(i) the ball B(xQ,t,a a ) is relatively compact in J\A a (t) and does not hit the 
boundary dAi a (t) for all t G [— r a , 0], 

(ii) |Rm|(x a ,0) < 1, 

(Hi) the curvature on P a is (p a -positive for some if a — > 0, 

(iv) all points of P a are K-noncollapsed on scales < a a for some uniform k > 0, 

(v) all points on P a satisfy the canonical neighborhood assumptions CNA(~, 
£o, E, Tj) for some uniform E, rj > 0, 

(vi) there is a sequence K a — > oo such that for every surgery point (x', t') G P a 
we have R(x',t') > K a . 

Then the pointed Ricci flows with surgery (M a , (xq , 0)) subconverge to some 
non-singular Ricci flow (M°°, (^) tg (_ r oo ! oi, 0)) where t°° = limsup^^ r a . 
Moreover, this limiting Ricci flow has complete time-slices and bounded, non- 
negative sectional curvature. If r°° = oo and iRm 00 ^ 00 , 0) > ; then (M°°, 
(fl , t°)te(-oo,o]) is a ^-solution. 

Proof. See |Baml[ Proposition 6.3.1], |Per2| 4.2] or the proofs of |Perl[ 12.1] or 
[KLT1 Theorem 52.7]. □ 

We now state the second main Lemma. 

Lemma 4.10 (cf |Per2} 6.3(b) + (c)]). There are constants 77o> £ o > and for ev- 
ery e G (0,e ] an d E < oo there is a constant E = E (e) < oo such that: 
For any 1 < A < oo, w,r > 0, r\ G (0,r] ] and E G [E ,oo) there are constants 
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K = K(w, A, E,rj), Z = Z(A) < oo and p = p(w, A, e, E,r)),r = f(A, w,E,T]),5 — 
8(w, A, r, e, E, rj) > such that: 

Let r 2 , < to/2 and let M. be a Ricci flow with surgery (whose time-slices are 
allowed to have boundary) on the time-interval [to — r^to] which is performed 
by 5-precise cutoff and consider a point x G Ai(t ). Assume that the canoni- 
cal neighborhood assumptions CNA(r,e, E,rj) hold on M.. We also assume that 
the curvature on M. is uniformly bounded on compact time-intervals which don't 
contain surgery times and that all time-slices of A4 are complete. 

Assume that the parabolic neighborhood P(xq, to, tq, — r 2 ,) is non-singular, that 
|Rm| < r 2 on P(x , t , r , -r 2 ) and vol to B(x , t , r ) > wr%. 

In the case in which some time-slices of M. have non-empty boundary, we 
assume that 

(i) every space-time curve 7 : [t 1 , ^2] _ > M. with t 2 G [to — ^?"o>^o] an d 
7(^2) G B(xo, t 2 , (A + l)r ) which meets the boundary dA4 somewhere, 
has £(7) > Zr (based in t 2 ), 
(ii) for all t G [to — \tq, to], the ball B(xq, t, 2(A + 3)ro + r) does not meet the 
boundary DM. (t) . 

Then 

(a) Every point x G B(xo, t , Ar ) satisfies the canonical neighborhood as- 
sumptions CNA(pr Q , e, E, r/) . 

(b) If > < fy/to, then |Rm| < Kr^ 2 on B(x ,t , Ar ) ■ 

Proof. By choosing p small and K large enough we can again exclude the case in 
which the component of Ai(t) which contains Xo has positive, .E-pinched sectional 
curvature for some time t < to- 

We first establish part (a). Choose i]q and E = E Q (e) to be strictly less/larger 
than the constants r), E(e) in Lemma [4.81 Assume now that given some small p, 
there is a point x G B(xq, to, Ar ) such that (x, to) does not satisfy the canonical 
neighborhood assumptions CNA(pr ,e, E,rj), i.e. we have |Rm|(x,t ) > P 2r o 2 
and (x,t ) does not satisfy the assumptions (l)-(3) in Definition 12.141 Set for 
tG [to-r 2 ,to],x e M(t) 

Pw,t = {(y,t)eM : t G ^-^p- 2 \Rm\-\x,t),t\, yeM{t), 

dist t (x ,y) < distj(x ,x) + ip _1 |Rm| _1/2 (x, t)}. 

We will now find a particular (x,t) G M. with t G [to — tn'iMo] an d % G 
B(x ,t, (A + |)r"o) by a point-picking process: Set first (x,t) = (x,t ). Let 
q = |Rm|~ 1/2 (x,t) < pro- If every (x',t r ) G P^j satisfies the canonical neighbor- 
hood assumptions CNA(hq,£,E,T)), then we stop. If not, we replace (x,t) by 
such a counterexample an start over. In every step of this algorithm, q decreases 
by at least a factor of ~ which implies that the algorithm has to terminate af- 
ter a finite number of steps since after a finite number of steps we have q < r 
and we can make use of the canonical neighborhood assumptions CNA(r, e, E, rf) 
given in the assumptions of Lemma. So the algorithm yields an (x, t) G Ai and 
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a q = |Rm| -1 / 2 (x, t) < pro such that (x,t) does not satisfy the canonical neigh- 
borhood assumptions CNA(q, e, E, 77), but all points in P^ satisfy the canonical 
neighborhood assumptions CNA(^q, e, E, rj). By convergence of the geometric 
series, we conclude t — ^P~ 2 q 2 G [to — io r o>*o] and distj(xo,x) < (A + |)r . 
Moreover, for all (x',t') G P w j we have dist t /(xo, x') < (A + l)r . 

Now assume that for fixed parameters w, A, e, E, 77 there is no p such that as- 
sertion (a) holds for a constant Z and a constant 5 which can additionally depend 
on r. Then we can find a sequence p a — > and a sequence of counterexamples 
Ai a , tg , Tq, Xq together with parameters r a which satisfy the assumptions of the 
Lemma, but there are points x a G B(xq , , Ar§ ) such that (x a ,to) don't satisfy 
the canonical neighborhood assumptions CNA(p a r ,e, E a ,r]). The choice of the 
constant 5 a will be explicit and arise from Lemma T4.61 We will also assume that 
5 a /r a -»■ for a -»■ 00. 

First, let (o; a ,F*) and g Q be the points and the constant obtained by the algo- 
rithm from the last paragraph. We now apply Lemma I4.6I with 

ro <- ^r Q , x ^xlt ^te\i a - ^(p°) _2 (g a ) 2 , T], 

w <- cw, A <- 10(A + 1), r <h- r a , E <- E a 

to conclude that for sufficiently large Z and small S a (depending on w, A, r a , rf) 
for any (x',t') G M a with t' G jF - ^(p a )~ 2 (T) 2 , *"] and a;' G (A + l)r£) 

is K-noncollapsed for some uniform k > on scales less than jqTq. This implies 
that the points on P w a^ are K-noncollapsed on scales less than jq-Tq. 

Observe that the assumption on 5 a and Definition 12. 1 1( 3) imply that there is a 
universal constant d > such that for every surgery point (x',t') G M. a we have 

|Rm|(*',t') > c'(5 a r 2 > c'(^y\r a r 2 > ^(^fVr 2 - (4-2) 

Here we have made use of the inequality r a < q a which follows from the fact that 
the point (x a ,t a ) satisfies the canonical neighborhood assumptions CNA(r a ,e, 
E,rf), but not CNA(q a , e, E, rj). 

By Lemma 14.5( a). we have |Rm| < 8((f*)~ 2 on P(x a ,t a ,cq a ,—c(q a ) 2 ) where 
c = io- Using (I4.2p . we conclude that this parabolic neighborhood is non-singular 
for large a. Choose now r > maximal with the property that for all r' < r there 
is some D T > < 00 such that for infinitely many a the point x a survives until time 
t a — r'(q a ) 2 and we have |Rm|(x,t) < ZV(<fO~ 2 whenever t G [T* — T'(q a ) 2 , t a ] 
and dist t (^ a ,x) < |g Q (so by (14.21) none of these points is a surgery point for 
infinitely many a). After passing to a subsequence, we can assume that for all 
t' < r this property even holds for sufficiently large a. Obviously, r > by 
the result at the beginning of the paragraph. By distance distortion estimates 
(Lemma 14.4( b)) we then obtain for all such a and all t G [t a — r'(q a ) 2 ,t ) 

^distiK,^) > -Cy^iry 1 - 
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So for all t £ [F 



■Q 



dist t (a^,x°) < distr(a%,W a ) + Cr'^/D^q a . 



This implies that for every a < oo and r' < r we have -B(xg , t, ag a ) C j« for 
all £ G [F* — r'(q a ) 2 , F*] for large enough a. Hence we can find sequences a a — > oo 
and r Q -»■ r such that B(x a ,t,a a q a ) C for all a and t e [F - 7- a (f) 2 ,F], 

After rescaling by (<f*) _1 , the Ricci flows restricted to the time- interval [F* — 
r a (q a ) 2 ,t a ] satisfy the assumptions of Lemma 14.91 (we also need to make use of 
assumption (ii) here) and hence they sub converge to some non-singular Ricci 
flow on Mqo x ( — T i 0] of bounded curvature. Using Lemma 14.51 we can argue 
that if r was finite, then by its choice we could increase it and hence we must 
have r = oo. So M m x (— oo,0] is a K-solution. Using Lemma |4.8| we finally 
obtain a contradiction to the assumption that the points (x a ,t a ) do not satisfy 
the canonical neighborhood assumptions CNA(q a ,e, E,rj). 

Part (b) follows exactly the same way as in |Per2l 6.3]. See also |KL1| Lemma 
70.2] and |Bamll Proposition 6.2.4]. The boundary dAi(t ) does not create any 
issues since it is far enough away from xq. □ 

We now prepare for the proof of the next main result, Lemma T4. 141 We believe 
that we have to alter the following Lemma with respect to [Per 2 1 6.5] to make 
it's proof work. 

Lemma 4.11 ( |Per2l 6.5]). For all w > there exists tq = tq(w) > and 
K = Ko(w) < oo, such that: 

Let (gt)te(-T,o] be a smooth solution to the Ricci flow on a non-singular para- 
bolic neighborhood P(xo, 0, 1, — r), t < t . Assume that sec > — 1 on B = 
P(xq, 0, 1, — r) n U te [ _ T o] B(xq, t, 1) and volo B(xq, 0, 1) > w. Then 

(a) |Rm| < K r- 1 in P(x , 0, \, -r/2). 

(b) B(xq, — r, i) is relatively compact in B(xq, 0, 1) and 

(c) vo^ T B(x ,-T,l)>^f. 

Proof. See |KL1| Lemma 82.1] for a proof of the first part and the proof of [KL1[ 
Corollary 45.1(b)] for the third. The second part is due to the lower bound on 
the sectional curvature. □ 

Lemma 4.12 ([Per2] 6.6]). For any w > there is a 8q = 6q(w) > such that: 
Let (M, g) be a Riemannian 3-manifold and B(x, 1) C M a ball of volume at least 
w, which is relatively compact and does not meet the boundary of M. Assume 
that sec > —1 on B(x, 1). Then there exists a ball B(y,Q ) C B(x, 1), such that 
every subball B(z,r) C B(y,Q ) of any radius r has volume at least j^r 3 . 

Proof. See [KLT1 Lemma 83.1]. □ 

Lemma 4.13. For any K < oo there is an f = r(K) < oo such that: Let 
r o — ^v^o an d < t < t . Assume that (M,g) is a Riemannian manifold of 
t^ 1 -positive curvature and |Rm| < Kr$ 2 on M. Then the sectional curvature is 
bounded from below: sec > —\r' 2 . 
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Proof. The claim is clear for ro = 1. The rest follows from rescaling. □ 

Lemma 4.14 ( |Per2[ 6.4]). There is a constant Eq > such that for all r, 77 > 

and E < 00 there are constants r = r{j],E),f = r(j],E),8 = 8{r,T],E) > and 
K = K(r], E),d = Cifa, £7), 2" = Z(r), E) < 00 sucfc t/iat: 

Lei Tq < to/2 and let M. be a Ricci flow with surgery (whose time-slices are 
allowed to have boundary) on the time-interval [to — rg, to] which is performed 
by 5-precise cutoff and consider a point Xq G Ai(t ). Assume that the canonical 
neighborhood assumptions CNA(r,Eo, E,rj) hold on A4. We also assume that 
the curvature on AA is uniformly bounded on compact time-intervals which don't 
contain surgery times and that all time-slices of Ai are complete. 

In the case in which some time-slices of Ai have non-empty boundary, we 
assume that 

(i) For all t\ < t 2 G [to — in r O'^o] we have: if some x G B(x , t , r ) sur- 
vives until time t 2 and 7 : [£1,^2] Ai is a space-time curve with end- 
point 7(t 2 ) G B(x,t,3r ) which meets the boundary dAi somewhere, then 
£(7) > Zr (where C is based in t 2 ). 
(ii) For all t G [to — j(j r o,to\ we have: if some x G B(xo,to,r ) survives until 
time t, then B(x,t, 5r + r) does not meet the boundary dftA(t). 
Now assume that 

(Hi) Ci5 <r < r-v/to, 
(iv) sec > — Tq 2 on B(x ,t ,r ) and 
(v) vo\ t0 B(x ,t ,r ) > irg. 

Then the parabolic neighborhood P(xo,to, \ro, —rr^) is non-singular and we have 
|Rm| < Kr 2 on P(x , t , \r , -rr 2 ). 

Proof. Before we start with the main argument, we first discuss the case in which 
ro < r. We will first show that for a universal K' = K'{E) < 00 and suffi- 
ciently small £q, we can guarantee that |Rm| < ^K'rQ 2 on B(xq, t , |ro). The 
constant K' and the smallness of the constant e$ will be determined in the course 
of this paragraph. Assume the assumption was wrong, i.e. there is a point 
x G B(xo,t , |ro) such that Q = |Rm|(x, to) > \K' r o 2 - By the canonical neigh- 
borhood assumptions CNA(r,EQ, E,rj), we know that (x, to) is either a center of 
a strong E^-neck or of an (e , E)-c&p or Ai(t ) has positive .E-pinched curvature 
(here we assumed that K' > 2). The latter case cannot occur by assumption (v) 
for large enough K', so assume that (x, to) is a center of a strong £o-neck or an 
(e , E)-c&p. So in both cases there is a y G .M(to) with dist to (x,y) < EQ~ l l 2 
such that (y,to) is a center of an e -neck and E~ l Q < |Rm|(?/,t ) < EQ. So 
for every w > there is an e' = e'o(w) > and a D = D(w) < 00 such that 
if E < e'o, then vol to B(y, t , DQ~ l/2 ) < wD 3 Q- 3/2 . Assuming K' > AE 2 , we 
conclude that y G £>(x ,t , ^r ). So by volume comparison, there is a universal 
constant w > such that voh B(y, t , d) > w d 3 for all < d < |r . Assume 
now that e < e' (w ) and K' > 4D 2 (w ). Then we obtain a contradiction for 
d = D(wo)Q~ 1 / 2 < \ro- So we indeed have |Rm| < \K'r§ 2 on B(xo, t , \r ). 
Choose now C\ = K' 1 ^ 2 . Then by Lemma [4.51 and the fact that at every surgery 
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point we have |Rm| > c'§~ 2 > C\r§ 2 = K'r^ 2 at every surgery point (compare 
with ( I4.2p ). we conclude finally, that there are r' = r'(r],E),5' = 5'(r],E) > 
such that if S < 5' then P(xq, to, — t'tq) is non-singular and |Rm| < K'r^ 2 on 
P(x ,t , |r 0) -r'rl). 

Now we return to the general case. We will first fix some constants: Consider 
the constants t |4.11| and ^ g~TT] from Lemma 14.114 ^q |4,12I f rom Lemma 14. 12} 
-ft ]4 io\ 1Q| , Z\4 ,1Q| and ( ^4 ^Q| from Lemma H. 101 and ^43^] from Lemma 14.131 and 
set: 

r = min{r', ±r Q gj^±), ^} 
K = max{K', K gjj£±)}, 

r* = 6 min{r^ 2 ,K^ 2 ^} 

Z = Z M ^2(rT 1 ) 

6 = min{5', C^9 r, fcm^, 2(r*)" 1 , •, E, V ), c' 1/2 (K*y 1/2 } 

The constants C\ and Eq from the first paragraph will be kept. We will also 
assume that Eq is smaller than the constant from Lemma [4. 101 

Assume that the conclusion of the Lemma is not true for some Xo, t and r . 
Then r > r. We first carry out a point-picking process. In the first step set 
x o = x o, t'o — to and r' Q = r . If there are x' ', t' Q ' and r ', such that 

(1) t^e[t' -2r(r ) 2 ,t' }, 

(2) the point x' survives until time t ' and for all t G (t ',£ ] there are no 
surgery points in B(x , t, r' ) and B(x' , t, r' ) fl dM.(t) = 0, 

(3) sec > -{r' y 2 on Ut e [t»,g S K> *. r o)> 

(4) x' 'GBK,C^/4), 

(5) rg = o r o , 

(6) vol%B(xZ,t>>y^>±(r ') 3 &nd 

(7) we don't have |Rm| < K(tq)~ 2 on P(a; / ,t / , \r'^ — r(r ') 2 ) or the parabolic 
neighborhood P(VQ,t ', |r ', — T(r ') 2 ) is singular, 

then we replace x' Q , t' Q , r' by x'q, t' \ r' ' and repeat. If not, we stop the process. 
Observe that here and in the rest of the proof the parabolic neighborhoods are 
not assumed to be non-singular unless otherwise noted (compare with Definition 
I2.4p . Since by the choice of 5 we have C\5 < 9 r, we find by the discussion at 
the beginning of the proof and conditions (2), (3), (6), (7) that we always have 
r' > r . So the process has to terminate after a finite number of steps and yield 
a triple (x ,t' ,r ) with r' Q > r . 

Observe that by the smallness of r, 6 Q and distance distortion estimates, we 
have in every step of this process 

P{ x qi ^0' r ch — i!)( r o) ) ^ P{ x oi ^-0' r 0' — Tb~( r o) )• 
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So the parabolic neighborhoods of each step are nested have for the final triple 
(x' , t , r' Q ) 

P(x' ,t' ,r' ,-±(r' ) 2 ) C P(x ,to,r ,-±(r ) 2 ). 

So the triple (x' Q ,t' ,r' ) satisfies assumptions (i) and (ii) of the Lemma. By 
(3) and (6), also assumptions (iv) and (v) are satisfied and by the choice of 8, 
assumption (iii) holds. However, by (7) the assertion of the Lemma fails for the 
triple (x' ,t' o ,r' o ). Thus, without loss of generality, we can assume that we have 
Xq = x' , to — t' an d ?"o — r 'o an d add to our assumptions that whenever we find 
x'q, t ' and r ' satisfying the assumptions (l)-(6) above, assumption (7) cannot be 
satisfied (and hence we have curvature control on P(x ',tQ, ~r ', — T(r ') 2 )). 
Now let t < 2t be maximal with the property that 

— the point xq survives until time to — ^r 2 ,, 

— for all t G (to - ""o'^o]? there are no surgery points in B(x ,t,r ) and 
B(x ,t,r )ndM(t) = 0, 

— sec > -ro 2 on \J tE[to _ Yr 2 M B(x ,t,r ). 

If T = 2r, then we can conclude the Lemma using Lemma 14.111 

So assume now r < 2r. We will show that we then have curvature control at 
times [to — rrQ,t ] which implies a better lower bound on the sectional curvature 
and hence contradicts the maximality of r. Fix for a moment t G [to — Tr^to]. 
By Lemma 14.111 we first find vol 4 B(xq, t, |r ) > ^)(^) 3r o- Hence using Lemma 
14.121 we can find a ball B(y,t,9 r ) C B(xo,t, |r ) such that voL, B(y, t, OoTq) > 
jqOqTq. So the triple (y,t,9 r ) satisfies the assumptions (l)-(6) above and 
hence by choice of the triple (xo,to,r ), we find that the parabolic neighborhood 
P{y,t, \9or , —tOItq) is non-singular and 

|Rm| < K9 2 r 2 on P(y, t, \9 r , -r^r 2 ). 

This implies that |Rm| < (r*r ) -2 on P(y,t,r*r , — (r*r ) 2 ). Applying Lemma 
SinKb) for x <- y, t <- t, r <- r*r , w <- ^, A <- A* = 2{r*Y\ E <- E, 
i] ^— T], r ^— r yields 

|Rm|(-,t) < K*r 2 on B(y,t,2r ) for all t E [t -Tr^to}. 

Observe here that by the right choice of Z and assumptions (i), (ii) of this Lemma, 
the assumptions (i), (ii) of Lemma [4. 10 1 are satisfied. We conclude that 

|Rm|(-, t) < K*Tq 2 on B(x ,t,r ) for all t G [to — tTq, t ]. 

In particular by (14. 2 p and the choice of 5, there are no surgery points on B(xq, t, ro) 
for all t G [to — tt 1 — (r*r ) 2 ,to]- By Lemma [4.13[ this curvature bound implies 
sec > — \jT q~ 2 on B(xo, t, r ) for all t G [to — tTq, to]. So the point Xq survives until 
some time which is strictly smaller than to — tTq and B(xq, t, r ) does not contain 
surgery points or meet the boundary for times which are slightly smaller than 
to — fr 2 . This contradicts the maximality of r. □ 

Proof of Proposition \4 ■ S\ By Lemma 14.121 we can find a ball B(y,to,8o(w)ro) C 
B(xq, to, r ) with vob B(y, t , 9o(w)r ) > ^(#o r o) 3 - So we can apply Lemma 14.141 
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with to to, V, r o #o r o, £q <— £q, E <— E, T) <— T), r <— r and obtain that 

if 

5 < 44.l4( r ) V,E), Z > Z\4~i4^ r, 77, E) and r < rgjj^r/, E)y/to~ then the parabolic 
neighborhood P(y,t , jO Q r , — ' 14.l4| ( r 7? -^)^o r o) * s non-singular and 

|Rm| < %|(?), E)6 2 r 2 on P(y, t , ±# r , -TgJ^ 2 r 2 )- 

Now choose r* = r*(w,r),E) > so small that P(y,t,r*r , (r*r ) 2 ) C P(y,to, 
jOpro, ~' WT$ o r o) f° r an * G [*o — ( r * r o) 2 ,t ] and |Rm| < (r*r )~ 2 there. We 
can then invoke Lemma [4.10f b) with t <— t G [to — ( r * r o) 2 ,to], £o «— y, r <r- 
r*r , u> <- You, A 4- (A + 2)(r*) _1 , r -G- r, 77 -G- 77, E <- E and obtain that 
if ^ < (A + 2)(r*)-V, Z > %TU]((A + 2)(r*)- 1 ) and r < 

WM( A + 2)(r*)" 1 ) ^, P, 77) V*o, then 

|Rm| < fsTr^ 2 on P(?/, t, (A + 2)r ) for all t G [t - (^o) 2 , t ] 

for if = A qqi (im, (v4 + 2)(r*)- 1 ,E,^)(r*)- 2 < 00. As in (g^D, we conclude that 
if C[5 < ro for some C[ = C[(w, A, 77, E) < 00, then there are no surgery points in 
B(y, t, (A + 2)ro) fo r all t G [to — (r*r ) 2 , to] and we can find a r = t(w, A, 77, E) > 
such that P(y,t , (A + l)r , — tTq) is non-singular and B(y,t , (A + l)r ) C 
B(y,t, (A + 2)r ) for all t G [t — rrg, to]- This implies that |Rm| < Kr^ 2 on 
P(xo,to, Aro, —tVq) C P(t/, to(A + l)r , —tTq) in the case in which C\5 < r for 
some C\ = Ci(w, A, 77, E) < 00. The higher derivative estimates follow from Shi's 
estimates on a slightly smaller parabolic neighborhood. 

It remains to consider the case C\5 < r . Assuming 5 to be sufficiently small 
depending on r, we can conclude that then r < r. Let Q = |Rm|(x ,t ). In the 
next paragraph we show that Qr 2 , is bounded by a constant which only depends 
on w, E and 77. 

For this paragraph, fix w, E and 77 and assume that Qr 2 , > 1. Using the 
same reasoning as in the proof of Lemma 14.10( b) (compare with the "bounded 
curvature at bounded distance" -estimate in |Per2| Claim 2, 4.2], see also the proof 
of jKLTl Lemma 89.2] or jKLTl Lemma 70.2] or jBamll Proposition 6.2.4]) we can 
conclude that |Rm| > K^Qr 2 ,)^ 2 on _B(xo,t ,r ) if r < r~*(Qro)\/% for some 
functions K*,r* : [0, 00) — > (0, 00) with K^(s) — >■ 00 and s — > 00 (we remark 
that for this argument the basepoint has to be chosen at a point x' G B(xq, to, ro) 
with r 2 < \Rm\(x' ,t ) < K*(QrD). So there is some Si < 00 such that if 
Qr\ > S\ and r < r*(5i)\/to, then all points on _B(xo,t ,r ) are centers of 
strong £-necks or (e, P)-caps whose cross-sectional 2-spheres have diameter at 
most C(Kl(Qr1))~ l l 2 ro- These necks and caps can be glued together to give long 
tubes as described in |Baml[ Proposition 5.4.7] or |KL1[ sec 58] and we conclude 
that volto B(xq, to, ro) < w*(Qrl)rQ for some function w* : [0, 00) — > (0, 00) with 
w*(s) — > as x — > 00. This finally shows that there is a universal constant 
S2 < 00 such that Qtq < S%- 

Again, by the same reasoning as before (this time, we choose the basepoint 
to be (x ,to)), we obtain the estimate |Rm| < K\r^ 2 on B(x ,t , (A + l)r ) for 
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some universal constant K% = K£( w j A E, rj) < oo if r < r**{w, A, E, rj)y/to. Let 
r > be maximal such that the parabolic neighborhood P(xq, to, (A+l)ro, —ttq) 
is non-singular. By Lemma 14. 5[ we conclude that there is a constant tq > such 
that |Rm| < 2i^2 r o" 2 on P{ x o,to, (A + l)r , — min{r, To}?" 2 ,). If r' > r , then we 
can deduce curvature derivative bounds on B(x , t , Ar ) by Shi's estimates. On 
the other hand, if r < r , then by assuming 8 to be sufficiently small depending 
on m, we can use Definition EETJ3) to conclude that |V m Rm| < C k r^ 2 ~ k for 
all k < m on initial time-slice of P(x ,t , (A + l)r , — tVq). So by a modified 
version of Shi's estimates we obtain a bound on rl +k \ V fc Rm| in -B(xo, to, ^ r o) for 
all k < m. 

Finally, we consider the case vq = p(xo,to). Applying the Proposition with 
A 1 yields |Rm| < Kr^ 2 on B(xq, to, r o) for some if = K(w,E,i]) < oo. So 
by Lemma |4.13[ if we had r < ^ |4,13| (-^)y / to, then sec > — \tq 2 on _B(x , t , r ) 
which would contradict the choice r . □ 

Proof of Corollary \4-^[ Let Eq be the constant from Proposition 14.21 Observe 
that by Proposition 12.151 there are constants 77 > 0, E_ £Q < 00 and decreasing, 
continuous, positive functions ^,5^ : [0, 00) — > (0, 00) such that if <5(t) < ^(t) 
for all t G [0,oo), then every point (x,t) G .M satisfies the canonical neigh- 
borhood assumptions CNA(r £o (t), e , E EQ , rj). Now consider the constant §fi~2\ = 
^^] (r, w, A, E, r], m) from Proposition 14.21 We can assume that it depends on 
its parameters r, w and A in a monotone way, i.e. ( ^"^ (r', w', A', E, rj, ml) < 
fa^ r, w, A, E, rj, m) if r' < r, w' < w, A' > A and m' > m. Assume now that 
for all t > 

S(t) <min{^ 2] (r £o (2t),t- 1 ,t,E £o , ! /,[t- 1 ]), ^(t)}. 

Let w, A, m be given. Choose T = T(w, A, m) < 00 such that 2T _1 < u>, |T > A 
and |T > m. 

Consider now the point x, the time t > T and the scale r. Observe that .M sat- 
isfies the canonical neighborhood assumptions CNA(r eo (t), Eq, E eo , rj) on [t — r 2 , t] 
and the surgeries on [t — r 2 , t] are performed by %^ZL eo (t), 2t _1 , ^t,E^ Q ,r], [|t -1 ])- 
precise cutoff. So we can apply Proposition \A.2\ with x <— x, t <— t, r 
r, r <r- ZL £o (t), u> «— u>, A <r- A, i£ -f- E EQ , r\ «— 77, m <— m to conclude 
that if r < rfc^w, A, g)y^, then |V m Rm| < AT m |^](w, A E^, r/)^ 2 on 
-B(a;, t, Ar). If the surgeries on [t — r 2 ,t] are performed by C~^-^w, A, E £o ,rj)- 
precise cutoff, then P(x, t, Ar, — A, ; E £Q , r?)) is non-singular and | V m Rm| < 

i^ m [^2l (w, A, .E £o ,t])rQ 2 there. This establishes assertion (a) 

For assertion (b) we argue as follows. If p(x, t) < r\/t, then as discussed in the 
last paragraph for r = p(x,t), we obtain r = p(x,t) > ryt. So in general, we 
have p(x, t) > min{r, r} \/i and we can apply assertion (a) with r = r\[i. Observe 
that sufficiently large T, we indeed have C\b{^t) < min{r, r}\/t < r. □ 

4.2. The thick-thin decomposition. We now describe how, in the long-time 
picture, Ricci flows with surgery decompose the manifold into a thick and a thin 
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part. In this process, the thick part approaches a hyperbolic metric while the 
thin part collapses on local scales. Compare this Proposition with |Per2} 7.3] and 
HLH Proposition 90.1]. 

Proposition 4.15. There is a function 5 : [0, oo) — >■ (0, oo) such that given a 
Ricci flow with surgery Ai with normalized initial conditions which is performed 
by 6 (t) -precise cutoff defined on the interval [0, oo), we can find a constant T < 
oo, a function w : [T , oo) — > (0, oo) with w(t) — » as t — >■ oo and a collection of 
orientable, complete, finite volume hyperbolic (i.e. of constant sectional curvature 
-I) manifolds (H[, g hypA ) , . . . , (H' k ,g hyPtk ) such that: 

There are finitely many embedded 2-tori T 1)t , . . . ,T mt C M.(t) for t 6 [T , oo) 
which move by isotopies and don't hit any surgery points and which separate 
M.(f) into two (possibly empty) closed subsets M. thick (t), M- thin if) C M.{t) such 
that 

(a) A^thick(^) does not contain surgery points for any t 6 [To, oo). 

(b) The Ti }t are incompressible in JA(t) and t~ 1 / 2 diaim, T i>t < w(t). 

(c) The topology of M. thick (t) stays constant in t and M. thick if) is a disjoint 
union of components Hi t , . . . ,H kt C A^tMck(^) such that the interior of 
each Hi t is diffeomorphic to H[. 

(d) We can find an embedded cross-sectional torus Tj t at least w~ l {t)-deep 
inside each cusp of the H[ which moves by isotopy and speed at most w(t) 
such that the following holds: Chop off the ends of the H- along the Tj f and 
call the remaining open manifolds H" t . Then there are smooth families of 
diffeomorphisms : H" t — > Hi which become closer and closer to being 
isometries, i.e. 

Wh^iM*) ~ 9hyp,i\\ c[w -i m{H ,, t) < w(t) 

and which move slower and slower in time, i.e. 

supt 1/2 \d t % it \ <w(t) 

for all t G [T , oo) and i = 1, . . . , k. Moreover, the sectional curvatures 
on a w^ 1 ^) -tubular neighborhood of Ai t Mck{t) He in the interval (t(— \ — 
w{t)),\{-\ + w{t))). 

(e) A large neighborhood of the part -M t hin(£) is better and better collapsed, 
i.e. for every t > T an d i G M(t) with 

dist t (x,Mhin(*)) < w^i^Vi 

we have 

VOl t B(x,t,p^(x,t)) <w{t)p^r t (x,t). 

5. The analysis of the collapsed part and consequences 

Based on property (e) of Proposition ^. 151 we can analyze the thin part M. t binif) 
for large t and recover its graph structure geometrically. More precisely, we can 
decompose the thin part into pieces on which the collapse can be approximated by 
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certain models. We will explain this in the first subsection. Afterwards we prove 
important geometric and topological consequences concerning this decomposition. 

5.1. Analysis of the collapse. The following result follows from the work of 
Morgan and Tian ( [MT2] ). We have altered its phrasing to include more geomet- 
ric information. The reader can find an explanation below of where to find each 
of the following conclusions in their paper. Similar results can also be found in 
[KL2] . |BBBMP2j . [CGj and [Fie] . 

Proposition 5.1. For every two continuous functions f,K : (0,1) — > (0, oo) 
and every p, > there are constants wo = Wo(pt,r, K) > ; < s 2 (p,f,K) < 
si(fi,f,K) < and a(p) > 0, monotone in p, such that: 

Let (M, g) be a connected, orientable, closed Riemannian manifold and M' C 
M a closed subset such that 

(i) Each component T ofdM' is an embedded torus and for each such T there 
is a closed subset U' T C M' which is diffeomorphic to T 2 x I such that 
T C dUfp and such that the boundary components of JJ' T have distance of 
at least 2. Moreover, there is a fibration px '■ U — >■ I such that the T 2 -fiber 
through every x G U' T has diameter < WoPi{x). 

(ii) For all x G M' we have (with pi(x) = min{p(x), 1}) 

vol B(x, Pi(x)) < w pl(x). 

(Hi) For all w G (wq, 1), r < f(w) and x G M' we have: if vo\B(x,r) > wr 3 
and r < p(x), then |Rm|, r| V Rm |, r 2 \ V 2 Rm | < K(w)r~ 2 on B(x, r). 

Then either M' = M and diamM < p.pi(x) for all x G M and M is dif- 
feomorphic to an infra-nilmanifold or to a manifold which carries a metric of 
non-negative sectional curvature, or the following holds: 

There are finitely many embedded 2-tori Sf and 1-spheres Sf C Int M' which 
are pairwise disjoint as well as closed subsets V\,Vi,V{ C M' such that 

(al) M' = Vx U V2 U V 2 ' ; the interiors of the sets V\, V 2 and V% are pairwise 
disjoint and dV 1 U dV 2 U dV 2 ' = dM' U U 4 Ef U Qi Sf . Obviously, no two 
components of the same set share a common boundary. 

(a2) dV 1 = dM' U (Ji U {J { Sf . In particular, V 2 n V 2 ' = and V 2 U V 2 ' is 
disjoint from dM' . 

(a3) V\ consists of components diffeomorphic to one of the following manifolds: 

T 2 x J, S 2 x J, Klein 2 x J, !P 2 x/, S 1 x D 2 , D 3 , 

a T 2 -bundle over S 1 , S 1 x S 2 or the union of two (possibly different) 
components listed above along their T 2 - or S 2 -boundary. 
(aJf.) Every component ofV 2 has exactly one boundary component and this com- 
ponent borders V% on the other side. More precisely, every component of 
V 2 is diffeomorphic to one of the following manifolds: 

S 1 x D 2 , D 3 , L(p, q) \ B 3 , Klein 2 x I. 
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We can further characterize the components ofV 2 : In Int V 2 we find embedded 
2-tori Ef and Ef which are pairwise disjoint. Furthermore, there are embedded 
closed 2-annuli Ef C V2 whose interior is disjoint from the Ef , Ef and dV 2 and 
whose boundary components lie in the components of dV 2 which are spheres. Each 
spherical component of dV 2 contains exactly two such boundary components which 
separate the sphere into two (polar) disks and one (equatorial) annulus Ef . We 
also find closed subsets V 2;Teg , V^cone, V 2 ,a C V 2 such that 

(bl ) V2,reg U V^conc U V 2j q — V2 and the interiors of these subsets are pairwise 
disjoint. Moreover, dV 2>rcg is the union of \J { Ej U |J Ef U \J i Ef |J i Ef 
with the components of dV 2 which are diffeomorphic to tori. 

(b2) V 2 . reg carries an S 1 -fibration which is compatible with its boundary com- 
ponents and all its annular regions. 

(b3) The components ofV 2 ^ conc are diffeomorphic to solid tori (& S 1 x D 2 ) and 
each of these components is bounded by one of the Ej such that the fibers 
ofV 2tTeg on each Ef are not nullhomotopic inside V^conc- 

(b4) The components of V 2 ^ are diffeomorphic to solid tori (& S 1 x D 2 ) or 
solid cylinders (fa I x D 2 ). The solid tori are bounded the Ef such that 
the S 1 -fibers of V 2}VCg on the are nullhomotopic inside the V 2j q. The 
diskal boundary components of each solid torus of V 2> q are polar disks on 
spherical components of dV 2 and the annular boundary component is one 
of the Ef. Every polar disk and every Ef bounds such a component on 
exactly one side. 

We now explain the geometric properties of this decomposition: 

(cl) IfC is a component ofV\, then there is a closed subset U C C with smooth 
boundary, as well as a Riemannian 1-manifold J of whose diameter is 
larger than SiPi(x) for each x G C and a fibration p : U — > J such that 
(a) If C ~ T 2 x / or S 2 x I, then U = C and J is a closed interval. 

IfC m S 1 x D 2 , Klein 2 x/, D 3 or MP 3 \ B 3 , then U w T 2 x / (in the 
first two cases) or U ~ S 2 x I (in the latter two cases), dC C dU , J 
is a closed interval and for all x G C\U we have diam C\U < fipi (x) . 
IfC is the union of two such components as listed in (a3), then U ~ 
T 2 x I or S 2 x I depending on whether these two components have 
toroidal or spherical boundary and C \ Int U is diffeomorphic to the 
disjoint union of these two components. Moreover for all x G C \ U , 
the diameter of the component of C\U in which x lies, has diameter 
< npi{x). 

If C is diffeomorphic to a T 2 -bundle over S 1 or to S 1 x S 2 , then J is 

a circle and U = C. 
(f3) If U is diffeomorphic to T 2 x I, S 2 x I or S 1 x S 2 , then p corresponds 

to the projection onto the interval or the circle factor. 
( r )) p is 1-Lipschitz. 

(5) For every x G U, the fiber of p through x has diameter less than 
fis 1 p 1 (x). 
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(c2) For every x G V 2 , the ball (B(x, pi(x)), p\ (x)g,x) is p-close to a 2- 
dimensional pointed Alexandrov space (X, x) of area > a. 

(c3) For every x G V 2>reg , the ball (B(x,s 2 pi(x)),s 2 2 p^ 2 (x)g,x) is p-close to a 
standard 2 dimensional Euclidean ball (B = -Bi(O), g euc \, x = 0). 

Moreover, there is an open subset U with B(x, \s 2 p\(x)) C U C B(x, 
S2Pi{x)), & smooth map p : U — > M 2 such that 

(a) There are smooth vector fields X 1 ,X 2 on U such that dp(Xi) = 
and Xi,X 2 are almost orthonomal, i.e. \(Xi,Xj) — 5ij\ < p for all 
*,J = 1,2. 

((3) U is diffeomorphic to B 2 x S l such that p : U — > p{U) corresponds 
to the projection onto B 2 and the S 1 -fibers are isotopic in U to the 
S 1 -fibers of the fibration on V 2tTeg . 

(j) The S 1 -fibers of p the S 1 -fibers o/V^^eg on U enclose an angle < p 
with each other and an angle G (f — p, | + p) with X\ and X 2 . 

(5) The S 1 -fiber of the fibration on V^reg which passes through x is iso- 
topic in U to the S 1 -fibers of p. 

(e) The S 1 -fibers ofp as well as the S 1 -fibers o/V^reg on U have diameter 
less than (vol U) 1 ^ . 

(c4) For every x G V^cone, the ball B(x, ppi(x)) covers the component o/V^conc 
in which x lies. 

(c5) For every x G V 2t g there is an x' G V^reg with dist(a:, x') < ppi(x). 
(c6) For every x G V 2 , the ball B(x, pp\(x)) covers the component of V 2 in 
which x lies. 

Proof. Conditions 1., 3. in [MT21 Theorem 0.2] follow from assumptions (ii), (iii) 
if we replace wo by a sequence w n — > 0; except for the higher derivative bounds 
in 3. resp. (iii) which are not really needed in the proof. Condition 2. and the 
condition that the boundary is convex are replaced by the more general condition 
(i). We will see that this replacement does not change the proof significantly. 

We now go through the proof of |MT2| Theorem 0.2]. If (di&m M) p^ 1 (x) 
is sufficiently small for some x G M, then we can use [FY , Corollary 0.13] or 
arguments of the proof of |MT2[ Lemma 1.5] to conclude that either M carries a 
metric of non-negative curvature or it is an infra-nilmanifold. So in the following 
we can assume that (diam M) p{ x [x] > min{c, p] > for all x G M for some 
universal c > 0. The arguments in [MT2j will still work if we replace Assumption 
1 by this bound. So by choosing the function p n in [MT21 Lemma 1.5] to be equal 
to mm {c, p}pi, where pi is our lower sectional curvature scale, we can ensure 
that the properties of this Lemma are satisfied. Moreover, we will profit from the 
fact that whenever we will find a geometric bound of the form ap n (x) for some 
a > 0, then this bound translates to a bound of the form ^ min{c, p}api(x). 

Using |MT2l Theorem 1.1], we choose our set V\ to be the set V^{ T from |MT2[ 
Theorem 1.1] minus the closed 3-balls which were added in |MT2} subsection 
5.4.2]. Then assertion (a3) is clear (in our presentation we have to include a 
few more topological possibilities, because we did not impose any topological 
restrictions on M). By the discussion in |MT2. subsections 5.1-5.3] and |MT2t 
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Lemma 4.38] it is clear that assertion (cl) holds for the sets U' n x and W' n x if 
the constant e' there is chosen sufficiently small. The set V^fx differs from W' n 1 
by collar neighborhoods of diameter <C p n (x) < yqoPi(^) for all points x inside 
these collars (see |MT2t subsection 5.5]) and hence assertion (cl) still holds for 
V\. The constant Si can be determined based on the definition of the function p n 
(see above) and a lower diameter bound on components of V^[ T on the p n scale. 
We also remark that condition (i) allows us to patch together the subsets XJ' T 
with nearby interval product structures (compare this with the proof of |MT2| 
Proposition 5.2]). 

Let V 2 be the union of the closures of all components of M'\Vi which correspond 
to components of M\U' nl which are close to an interval but which expand to be 
close to a standard 2 dimensional ball in [MT2^ Lemma 5.9]. The topology of the 
components of V 2 can be deduced using a better lower bound on the sectional 
curvature at the local scale. This establishes assertions (a4) and (c6) (the latter 
holds by our choice of p n ). For our purposes it will just be important that each 
of these components has small diameter and only one boundary component. 

Finally, let V 2 be the closure of M' \ (Vt U V£) and let V 2 , te& C V 2 the set V^ 2 T 
from |MT2} Theorem 1.1]. Then V 2reg carries and S^-fibration. The closure of 
V 2 \V 2 , reg is the union of the closed 3-balls, which we have previously deleted from 
V^fx w ifh the solid cylinders and the solid tori mentioned in property 6. of |MT2[ 
Theorem 1.1]. Denote the union of those solid tori in which the S' 1 -fiber of V 2yieg is 
not nullhomotopic, by V^cone and denote by Ef their boundaries. Let V 2t g be the 
closure of V 2 \ (V^reg U V^cone)- So V 2 ,d consists of solid tori and circular or linear 
chains composed of solid cylinders and closed 3-balls. Denote the boundaries 
of these solid tori and circular chains by and the annular boundaries of the 
linear chains by Sj 4 . The annular regions on the spherical boundary components 
of V 2 are denoted by Hf . After a smoothing argument, assertions (al), (a2) 
and (bl)-(b4) are satisfied. Assertions (c4) and (c5) are a consequence of the 
construction. 

Assertion (c2) can be deduced from |MT2t Lemma 5.3]. Observe that V 2 ^ eg is 
contained in the set U^ neric which is introduced in [MT2} Lemma 5.7]. By 
construction (see [MT21 Proposition 4.4]), the set U^ Deiic has the following 
property: there is a subset K C ^generic sucn that for all x 6 K the ball 
(B(x, s 2 IT p n (x)), (s 2 IT p n (x))~ 2 g,x) is e^^-close to a standard 2 dimensional Eu- 
clidean ball (here s^ T denotes the constant from [MT2~[ Theorem 3.22] and 
e MT the constant from |MT2} Proposition 4.3]). Moreover, we can assume that 
^generic i s contained in the union of a tenth of these balls. So if e MT is sufficiently 
small, then for all x G C^generic the ball (B(x, s 2 p n (x)), (s 2 p n (x))~ 2 g,x) is /i-close 
to a standard 2 dimensional Euclidean ball where s 2 is a constant depending on 
p. This establishes the very first part of assertion (c3). The rest of assertion (c3) 
follows from [MT21 Proposition 4.3]. Observe that the diameter bound on the 
fibers in U follows from the fact around every such fiber of diameter d, we can 
find neighborhood inside B(x, s 2 pi(x)) which is close to S 1 (d) x £> 2 (10<i). □ 
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5.2. Geometric consequences. We now identify parts in the decomposition of 
Proposition 15. II which become non-collapsed when we pass to the universal cover 
or to a local cover. 

Lemma 5.2. There is a constants p% > such that: Assume that we're in 
the situation of Proposition I5.il and assume p < p% . Then there is a constant 
W\ = Wi(fi) > which only depends on S2(p,f,K) such that the following holds: 
Consider a subset N C M, a point x <E N such that B(x, pi{x)) C N. Assume 
that we are in one of the following cases: 

(i) x G C C iV where C is a component 0/V2 with the property that the S 1 -fiber 
of C fl V2, re g is incompressible in N. 

(ii) x G C C iV where C is a component of V% which is diffeomorphic to 
T 2 x I, Klein 2 xl , a T 2 -bundle over S 1 or the union of two copies of 
Klein 2 xl along their boundary and in all of these cases the generic T 2 - 
fiber is incompressible in N. 

(Hi) x G C where C is a component ofV\ which is diffeomorphic to S 1 x D 2 or 
to a union of two (possibly different) copies of S 1 x D 2 or Klein 2 xl. Let 
U C C be a subset as described in Lemma l5JV cl). Then we assume that 
U C N and that the T 2 -fiber of U is incompressible in N. 

(iv) x G C C N where C is a component of V 2 ' which is diffeomorphic to 
Klein 2 xl and whose generic T 2 -fiber is incompressible in N. 

(v) We are in the case diamM < ppi(y) for all y G M as mentioned in the 
beginning of Proposition \57f\ N = M and M is either an infra-nilmanifold 
or a quotient ofT 3 . 

Now consider the universal cover N of N and choose a lift x G N of x. Then we 
claim that 

vo\B(x, Pi(x)) > W\p\(x). 

In other words, x is w o-good at scale 1 relatively to iV in the sense of Definition 
16. II from subsection 16.11 In the following proofs (for each of the cases (i)-(v)) we 
will denote by Sk(pi) a positive constant, which depends on p,\ > and which 
goes to zero as pi goes to zero. In the end of each proof we will choose p\ small 
enough so that all constants 5k are sufficiently small. 

Proof in case (i). We have either x G V^reg or x G V^conc U V-j.a- In the sec- 
ond case, there is an x' G B(x, ppx(x)) PI C fl V2,rcg and hpi(x) < pi(x') < 
2pi(x). So B(x',\pi(x')) C B(x,px(x)) c N. Let x' G N be a lift of x' 
such that dist(x,x') = dist(x, x'). Then B(x', \p\{x')) C B(x, Pi(x)) and hence 
vol B(x, Pi(x)) > vo\B(x', \px(x')). So if we relax the assumption B(x, Pi(x)) C 

to B(x, \pi(x)) C N, then we can replace x by x'. This shows that under this 
relaxed assumption, we can assume without loss of generality that x G V^reg- 

Consider now the subset U with B(x, \s%pi{x)) C U C B(x, S2Pi(x)) C and 
the map p : U ->1 2 from Proposition I5.1f c3). For the rest of the proof of case 
(i), we will only work with the metric g' = s^ 2 P\ 2 {x)g on M as opposed to g, 
and we will bound the (/-volume of the 1-ball around x in the universal cover iV 
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from below by a universal constant. This will then imply the Lemma. Observe 
that the sectional curvatures of the metric g' are bounded from below by —1 on 
this ball. In the following paragraphs, we carry out concepts which can also be 
found in [BBI] or [BGP] . 

By the properties of x, we can find a (2, 5 1 (// 1 ))-strainer (a\, b\, a 2 , b 2 ) of size \ 
around x (here is a suitable constant as mentioned above). Recall that this 

means that for the comparison angle < in the model space of constant sectional 
curvature —1 we have 

<a,ixbi > 7r — Si, <a,ixbj > | — Si, <aixaj > | — Si, <bixbj > | — Si 

and dist(aj,x) = dist(6j,x) = | for all i ^ j. In the universal cover N, we can 
now choose lifts x,Hi,bi such that dist(aj,x) = dist(a,,a;) = \ and dist(6j,2f) = 
dist(6j,a;) = |. Since the universal covering map is 1-Lipschitz, we obtain fur- 
thermore dist(aj,6j) > dist(a;, bj), dist(ax,a 2 ) > dist(ai,a 2 ) and dist(&i, 6 2 ) > 
dist (61,62)- So all the comparison angles in the universal cover are at least as 
large as those on M and hence we conclude that (a>i, 61, a 2 , 6 2 ) is a (2,5x(/xi))- 
strainer around x of size | . 

Next, we extend this strainer to a 2 —strainer around x. By the property of 

the map p there is a sequence x n of lifts of x in N which is unbounded and whose 
consecutive distance is at most 2 (vol U) 1 ^ 3 . We can assume that 2 (volt/) 1 / 3 < fjL U 
because otherwise we have a lower bound on ^yol U and we are done. So for 
sufficiently small /xi we can find a point y e N with dist(x, y) = 2 V /^T which 
projects to a point y G M with dist(x, y) < Hi. It follows that 

dist(y, Hi) > I — \ii and dist(y, 6j) > \ — 

This implies 

<yxa>i > I - 5 2 (fii) and <yxbi > f - 5 2 (//i). (5.1) 

Hence (Si, 61, a 2 , 6 2 , ?/) is a 2|-strainer around x. 

Since |dist(y, — dist(x,aj)| < 2^/JI{ and |dist(?/, 6j) — dist(x, 6j)| < 2 V /^T? we 

conclude that (a 1; 61, a 2 , 6 2 ) is a (2, 5 3 (^i))-strainer around 2/ of size > ~ — 2 v /^7- 

We now show that symmetrically (01, 61, a 2 , 6 2 , x) is a 2|-strainer around y of 
arbitrary good precision: By comparison geometry 

<dixy + <yxbi + <aj5;6j < 27r. 

Together with ( 15. ip and the strainer inequality at a;, this yields 

<aixy < § + + tfaW- 

By hyperbolic trigonometry, 

<xyai + <dixy + <yaix > tt — ^(/ii) and <yaiX < ^(/ii). 

Combining the last three inequalities yields 

<xyai > I - Si(/ii) - 5 2 (/ii) - 25 4 (/ii) = f - 
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The same estimate holds for <xyb{. 

Let fa be the midpoint of a minimizing segment joining x and y. We will now 
show that (ax, bx, a 2 , b 2 , y, x) is a 3-strainer around fa of arbitrary good precision. 
Since the distances of ctj resp. b{ to fa differ from the distances to x by at most 
y/JIx, we can conclude that (ax, bx,a 2 , b 2 ) is a (2, (^(/^l^-strainer of size > ~ — y^/JI 
around m. It remains to bound comparison angles involving the points x, y: By 
the monotonicity of comparison angles, we have 

<mxai > <yxai > | — <5 2 (/ii) and <faxbi > <yxbi > | — <5 2 (/xi). 

Now, if we apply the same argument as in the last paragraph, replacing y with fa, 
we obtain <xfaai, <xfabi > | — 56 (/ii). For analogous estimates on the opposing 
angles, we then interchange the roles of x and y. Finally, <xfay = tc is trivially 
true. 

Set 0,3 = y and 63 = x. We have shown that (ax, &i, a 2 , 6 2 , S3, 63) is a (3, £7(^1))- 
strainer around m of size > y/JIx for a suitable £7(^1). We will now use this fact 
to estimate the volume of the AyZ/Ii-ball around m from below for sufficiently 
small A and fix. We follow here the ideas of the proof of |BBI} Theorem 10.8.18]. 
Define the function 

/ : B(fh, \yf~jli) — > M 3 z 1 — > (dist(a 1; z) — dist(ai, fa), 

dist(a 2 , z) — dist(a 2 , fa), dist(a 3 , z) — dist(a3, fa)). 

We will show that / is 100-bilipschitz for sufficiently small fix and A. Obviously, / 
is 3-Lipschitz, so it remains to establish the lower bound Assume that this was 
false, i.e. that there are Zx, ^2 £ B(m, \yfjlx) with dist(zi, z%) > 100|/(zi)— /(z 2 )|- 
Then for all 2 = 1,2,3 

dist(zx,z 2 ) > 100|dist(aj, Zx) — dist(aj, z 2 )\. (5.2) 

It is easy to see that given some 5 > 0, we can choose A > and fix > sufficiently 
small, to ensure that (ax, bx,a 2 , b 2 , 03, 63) is a (3, 5)-strainer around Zx and around 
z 2 . Now look at the comparison triangle corresponding to the points zx,z 2 ,ai- 
By (15. 2p . it is almost isosceles and hence by elementary hyperbolic trigonometry 
we conclude for A sufficiently small 

TE)i < <^2^i Oi, <ZxZ 2 a,i < 
Using comparison geometry 

<ziz 2 &i < 2tt - <aiZ 2 bi - <zxz 2 ai < ~ + 5. 
For A sufficiently small, we obtain furthermore by hyperbolic trigonometry 

<biZxz 2 + <zxz 2 bi + <z 2 biZx > tt — 5 and <z 2 biZx < 6. 

So 

<bt z x z 2 > ^| - 35. 

Now join zx with ax,bx,a 2 ,b 2 ,a3 by minimizing geodesies. By comparison ge- 
ometry, these geodesies enclose angles of at least | — 8 resp. 7r — 5 between each 
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other. So their unit direction vectors approximate the negative and positive di- 
rections of an orthonormal basis. By the same argument, the minimizing geodesic 
which connects z\ with z 2 however encloses an angle of at least yjj| — 35 with 
each of these geodesies. For sufficiently small 5 this contradicts the fact that the 
tangent space at z 1 is 3-dimensional. So / is indeed 100-bilipschitz for sufficiently 
small A and p\. 

From the bilipschitz property we can conclude that 

vo\B(m,\yfpi) > c(Ay / /Ii) 3 

for some universal c > 0. Fixing p\ < -r and A < 1 such that the argument above 
can be carried out, we obtain 

vo\B(x, 1) > vol5(m, Xyfpl) > c(\^/p^)' i = c > 0. 

By rescaling, this implies the desired inequality for the metric g. □ 

Proof in cases (ii)-(iv). By Proposition I5.1f cl) we know that there is an x' G C 
(or x' G C in case (iv) where C is the component of V\ adjacent to C) with 
dist(a;,x / ) < -kpi(x) such that there is a subset U with B(x', \s\pi{x')) C U C 
B(x', |sipi(x / )) which is diffeomorphic to T 2 x / and incompressible in iV and 
the ball (B(x', |sipi(x')), 4s 1 " 2 p^ 2 (x')(?, x') is <5i(/ii)-close to ((— 1, 1), g eVLC \, 0). As 
in the proof in case (i) we can replace x by x' and hence assume without loss of 
generality that B(x,\sip\(x)) C U C B(x, |sipi(x)) and that (B(x, |sipi(x)), 
4si 2 Pi 2 (x)g,x) is 5i(pi)-close to ((-1, 1), # euc i, 0). 

Choose q G 7Ti (N) corresponding to a non-trivial simple loop in one of the cross- 
sectional tori of U and denote by iV the covering of iV corresponding to the cyclic 
subgroup generated by q, i.e. if we also denote by q the deck-transformation of iV 
corresponding to q, then N = N/q. So we have a tower of coverings iV — > iV — > N. 

Consider first the rescaled metric g' = 4s]" 2 p± 2 (x)g. With respect to this 
metric we can construct a (1, 82 (/-ti)) strainer (ai, &i) around x of size \ on M for 
a suitable S 2 (pi). By the same arguments as in case (i), but using the covering 
iV — > N, we can find a point m G iV within y^-distance away from a lift x of 
x and a (2,<52(pi)) strainer (ai, 61, S2, 62) around m of size > i/pi- Connect the 
points cii and fe; with m by minimizing geodesies and choose points a' { and of 
distance -^fpi from m. By monotonicity of comparison angles, (a^, a' 2 , £/ 2 ) is a 
(2, <52(pi))-strainer of size ^fpi. 

Let (7" = \p{ X g' . Then (a^, 6^,02, &' 2 ) has size | with respect to Using this 
strainer, the metric g" and the covering — > N, we can apply the same argument 
from case (i) again and obtain a (3, ^(//i)) strainer (ai, 61, 02, 62, S3, ^3) around a 
point m'eiV which is v /pi-close to a lift m of rh in A/. 

As in case (i), for a sufficiently small p\ we can deduce a lower volume bound 
voL// B(m', 1) > c'. With respect to g', the point m' is within a distance of 
Pi + y 7 /!! from a lift x of x. Hence 

vol s / B(x,l)> volg, B(m', y 7 ^) > d(2p l f 12 = c" > 0. 
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The desired inequality follows by rescaling. □ 

Proof in case (v). In this case, there is a covering M — > M such that M ~ T 2 x R 
and whose group of deck transformations is isomorphic to Z. Let x G M be a lift 
of x. Then (-B(x, pi(x), p^^g, x) is <5i(/ii)-close to ((— 1, 1), g eViC \, 0) and there is 
a subset C/ with B(x, \pi(x)) C £7 C B(x, pi(x)) which is diffeomorphic to T 2 x / 

and incompressible in M. We can now apply the previous proof. □ 

5.3. Topological consequences. We now discuss the topological structure of 
the decomposition obtained in Proposition 15.11 So let in the following M be an 
orientable, closed manifold, M' C M a closed subset with smooth torus boundary 
components and consider a decomposition M' = V\ U V% U V 2 , along with the 
surfaces Ef , Ef , , S^, Ef, Ef and subsets V^reg, V^cone, V 2 ,a which satisfies all 
the topological assertions of Proposition 15.11 (al)-(a4), (bl)-(b4). We assume 
that the very first option of this Proposition, in which the manifold is infra-nil 
or a torus quotient, does not occur. For future applications, we will discuss the 
following three cases: 

case A: M' is closed, i.e. DM 1 = and M' is irreducible and not a spherical 
space form. 

case B: M' is irreducible, has a boundary and all its boundary components are 

tori which are incompressible in M', 
case C: M' w S 1 x D 2 . 

The main result of this subsection will be Proposition 15.91 We first need to 
make some preparations. 

Definition 5.3. Let Q C M' be the union of 

(1) all components of V2 whose generic S l -fiber is incompressible in M' , 

(2) all components of V\ which are diffeomorphic to T 2 x I, Klein 2 xJ and 
whose generic T 2 -fiber is incompressible in M' , or components ofV\ which 
are diffeomorphic to a T 2 -bundle over S 1 or the union of two copies of 
Klein 2 xl along their common torus boundary. 

(3) all components of which are diffeomorphic to Klein 2 xJ and whose 
generic T 2 -fiber is incompressible in M' . 

We call the components ofV\, V% or V 2 ' which are contained in Q good (in M'). 

Obviously, every good component of V2 does not contain points of V^g. 

Lemma 5.4. Consider the cases A-C. Every component ofV\, V2 or V 2 ' which 
is contained in Q and shares a boundary component with Q either belongs to V 2 
and is not adjacent to DM' or belongs to V\ and is adjacent to dM' . 

Proof. This follows directly from the definition of Q and Proposition I5.l( a2). 
Observe that any component which is adjacent to a good component of V\ is 
good. □ 

Lemma 5.5. Consider the cases A or B. There is a unique subset S C M' which 
is the disjoint union of finitely many embedded solid tori ps S* 1 x D 2 , bounded 
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by some of the Ef , such that for any Ef the following statement holds: Ef is 
compressible in M' if and only if 'Ef C S (i.e. it either bounds a component of 
S or it is contained in its interior). 
In particular, M' = Q U S . 

Note that an important consequence of this Lemma is that in cases A and B 
we have Q ^ 0. 

Proof. Without loss of generality, we assume in the following that M' is connected. 

First observe that by the irreducibility of M' in case A and the fact that 
dM' 7^ in case B, each sphere Ef C M' bounds a ball Bi C M' on exactly one 
side. By Lemma kT8| any two of those balls are either disjoint or one is contained 
in the other. Let B[, . . . , B' m , be a disjoint subcollection of those balls which are 
maximal with respect to inclusion. 

Now, consider all Ef which already bound a solid torus Si in M. In case B, 
we have Si HdM' = 0. By Lemma T3.8I again, any two such tori are either disjoint 
or one is contained in the other. So there is a unique subcollection of those solid 
tori which are maximal with respect to inclusion. Denote the union of those solid 
tori by S. 

We will now show by contradiction that every torus Ef C M ; \(SL>B[U. . .UB' m ,) 
is incompressible in M'. Observe that each such torus does not bound a solid 
torus in M. For each compressible torus Ef C M' \ (SUB[ U . . . U B' m ,) we choose 
a spanning disk Di C M'. By Lemma I3TT1 and a maximum argument, it is easy to 
see that there is at least one such torus Ej C M' \ (S U B[ U . . . U B' m ,) with the 
following property: For any other compressible torus Ef C M'\( l SUi?^U. . .UB' m ,) 
which lies in the same component of M \ Ej as Dj, the disk Di lies in the same 
component of M \ Ef as Ej. 

Let C be the component of V%, V2 or V 2 ' whose boundary contains Ej and which 
lies on the same side of Ej as Dj. It can be seen easily that C <f. V±. Moreover 
C (/L V2, because otherwise C would be diffeomorphic to S 1 x D 2 by Proposition 
I5.1( a4) which would contradict the choice of Ej. So C C V 2 . 

We will now analyze the boundary of C. Consider Ef C dC (possibly Ef = Ej). 
If Ef bounds a solid torus Si C S, then by choice of Ej, Si lies on the opposite 
side of C. If Ef does not bound a solid torus, then Ef C M'\(SUB[\J. . .UB' rn ,). 
So if Ef has compressing disks, then by Lemma 13.71 (a) and again by the choice 
of Ej, these disks can only lie on the same side as C. By Proposition 13. 6[ this 
implies that then Ef is incompressible in the component of M' \ Ef which does 
not contain C. For every spherical boundary component Ef C dC, the ball Bi 
lies on the opposite side of C and has to be one of the maximal balls B\ because 
otherwise Ej would be contained in B[ U . . . U B' m , . 

Set now N = C fl V2 )reg and define S* to be the union of C \ N with the balls 
B[ whose boundary lies in dC. So iV carries an S' 1 -fibration and is bounded by 
some of the tori Ef and dS* . The set S* consists of components of V2 )Cone (those 
are are solid tori), components of V^a which are solid tori and chains made out of 
components of V 2> d which are solid cylinders and balls B[. So (after smoothing out 
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the edges of the chains) all components of S* are solid cylinders. We can hence 
apply Lemma 13.101 to conclude that either there is a boundary torus T C dN 
which bounds a solid torus in M' on the same side as N, or every boundary torus 
of N either bounds a solid torus on the side opposite to iV or it is incompressible 
in M'. The latter case cannot occur, since Ej is compressible and does not 
bound a solid torus. In the first case we conclude by Lemma 13.81 that T <£_ dS* , 
so T = Ef for some i. But this would imply that Ej C C C in contradiction 
to our assumptions. 

We have shown so far that every Ef C M\(SUB[U. . .UB' m ,) is incompressible 
in M'. 

Now assume that there was some B[ which is not contained in S. Then dB[ fl 
S = by Lemma 13.81 By maximality, B\ borders a component C of V 2 or V 2 on 
the other side. C </L V 2 , since otherwise M' would be a spherical space form by 
Proposition I5.1( a4). so C C V 2 . Since C has a spherical boundary component, 
C H V 2) d 7^ and hence the S^-fibers on C fl V^reg are contractible in M'. So every 
boundary torus of C must be compressible and hence contained in SUB[U. . -U-B^, 
and, in case B, dC n <9M' = 0. Since C <f. S U U . . . U B' m ,, all boundary tori 
of C bound solid tori on the other side. Define N and <S* in the same way as 
above. Then N carries an S^-fibration and S* is a disjoint union of solid tori. 
So every boundary component of iV bounds a solid torus on the other side. In 
particular by Lemma 13. 8[ no boundary component of iV bounds a solid torus on 
the same side. Hence by Lemma [3.10[ the S^-fibers on N are incompressible in 
M' in contradiction to our previous conclusion. 

We conclude that B[ U . . . U B' rn , C S and one direction of the first claim 
follows. The other direction is clear since 7r 1 (S' 1 x D 2 ) = Z. It remains to show 
that M' = QUS. Let C be a component of Vi, V 2 or V 2 ' whose interior is contained 
in M' \ S and assume that C <f_ Q. Observe that since all Ef are contained in S, 
dC only consists of tori. 

Consider first the case C C V\. If C has no boundary, then it must be diffeo- 
morphic to either S* 1 x S 2 or the union of D 3 and D 3 , D 3 and WP 3 \B 3 , two copies 
of M.P 3 \ B 3 along their boundary, two copies of S 1 x D 2 along their boundary 
or to to the union of Klein 2 x I and S 1 x D 2 along their boundary. The first four 
cases can be excluded immediately, since M' is assumed to be irreducible and 
not a spherical space form and the last two cases are excluded by Lemma 13.81 
and Lemma 13.91 respectively. So C has a boundary and hence it is diffeomorphic 
to T 2 x J, Klein 2 x/ or 5 1 x D 2 . The last case cannot occur, since otherwise 
C C S. In the other two cases, the boundary component (s) are compressible in 
M' and hence not contained in dM' . So they bound a component of S on the 
side opposite to C, i.e. M' = C U S. But this is again ruled out by Lemma 13.81 
and Lemma 13.91 

Similarly, in the case C C V 2 ', C would be diffeomorphic to Klein 2 xl or S 1 x D 2 . 
The second case can not occur since otherwise C C S and in the first case, M' 
would be the union of Klein 2 x I with a solid torus which is ruled out by Lemma 
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Finally, assume that C C V2. Since the generic fiber in C is assumed to be 
compressible in M', all boundary tori of C are compressible in M' and hence dC 
is disjoint from dM' . So M' = C U S which gives a contradiction already in case 
B. In case A, define N and S* again in the same way as above. iV carries an 
5' 1 -fibration, S* is a disjoint union of solid tori and M' = NUSUS*. By Lemma 
13.101 and Lemma 13.81 we conclude that the generic Seifert fiber of N is in fact 
incompressible in M' and hence C C Q. □ 

We now focus on the intersection Q D S. 

Lemma 5.6. Consider the cases A-C. In the cases A, B let S be the set defined 
in Lemma lSThl and in case C let S = M' . Then Q D S C V% and every component 
C 0/V2, which is contained in Q fl S is bounded by tori which bound solid tori 
inside S. 

Proof. It follows by the definition of Q that S cannot contain any components 
of V\ or V 2 . Let now C be a component of V2 which is contained in Q D S. So 
C H V2,d — an d hence the boundary of C is a disjoint union of tori which are 
of course compressible in S. Consider a component T C dC and let D C S be a 
spanning disk for T. Then by Lemma W7\ either T bounds a solid torus, or TUD 
is contained in an embedded ball. But the latter case cannot occur, since the 
S^-fiber direction of C in T is incompressible in M'. So T bounds a solid torus 



Definition 5.7. Let the subset Q' C M' to be the union of Q with 

(1) all components of V\ which are diffeomorphic to Klein 2 xl and adjacent 
to G or dM', 

(2) all components of V\ which are diffeomorphic to T 2 x I and which are 
adjacent to Q U dM' on both sides, 

(3) all unions C\ UC2 where C\ is a component ofV\ diffeomorphic to T 2 x I 
and adjacent to Q or dM' on one side and adjacent to C2, which is a 
component ofV 2 ' diffeomorphic to Klein 2 xl, on the other side. 

Lemma 5.8. Consider the cases A-C. Every component ofV\, V% or V 2 ' which is 
contained in Q' and meets the boundary dQ' , already belongs to Q or it is adjacent 
to dM' . In other words, dQ' C dQ U dM' . In the cases A and B, the second 
option can be omitted. 

In particular, any such component is either contained in V 2 if it is not adjacent 
to dM' or it is contained in V\ if it is adjacent to dM' . 

Proof. This is a direct consequence of the definition of Q' and Lemma 15.41 □ 

We can now state the main result of this subsection. 

Proposition 5.9. Consider the cases A-C. There is a unique subset Q" C Q' 
which is the union of certain components of Q' such that 

(a) In cases A and B, every connected component of M' contains exactly one 
component of Q" . In case C, Q" is connected and possibly empty. 




□ 
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(b) Let S" be the closure of M' \ Q" . Then S" is a disjoint union of finitely 
many solid tori S 1 x D 2 ) each of which is incompressible in M' 

Moreover, 

(c) Every component of V\, V 2 or V 2 which is contained in Q" and shares 
a boundary component with Q" is contained in Q. If it is adjacent to 
dM' , then it is also contained in V\ and does not intersect dQ" \ dM' and 
otherwise it is contained in V 2 . 

(d) g\g"cv 2 . 

(e) For every component C" of S" there is a component C of V\ which is 
contained in C" and adjacent to dC" . Moreover, C is diffeomorphic to 
either S 1 x D 2 (and hence C" = C) or T 2 x I. In the latter case, the 
component C of V 2 or V 2 , which is adjacent to C on the other side, is 
not contained in Q. More precisely, if C C V 2 , then C ~ S 1 x D 2 and if 
C C V%, then the generic Seifert fiber of C is contractible in C" . 

Proof. In the cases A and B observe that M' = Q U S and every component 
of M' contains exactly one component of M' \ S. So let Q" be the union of 
all components of Q' which share points with M' \ S. In case C, let Q" be the 
component of Q 1 which is adjacent to dM' if it exists. This establishes assertion 

Assertion (b)-(d) follow from Lemmas I5.4[ 15.61 and 15.81 For assertion (b) ob- 
serve that the solid tori of 5" are incompressible M' , because they are adjacent to 
Seifert fibrations with incompressible S' 1 -fiber or equal to M' . And for assertion 
(d) observe that Q \ Q" C S. 

For assertion (e) observe that C" is either adjacent to dM' or to Q" and hence 
to V 2 . So the component C of Vi, V 2 or V 2 \ which is adjacent to dC" inside C", is 
contained in V\. Since C is contained in a solid torus, it cannot be diffeomorphic 
to Klein 2 xl. So it is diffeomorphic to S 1 x D 2 or T 2 x I. The rest follows from 
the definition of Q' . Observe that in the case C G V 2 , the generic Seifert fiber 
of C is compressible in M' since C <£_ Q . Since C" is incompressible in M', we 
conclude that the generic Seifert fiber of C is even contractible in S". □ 

6. The main tools 

In the following we derive more specialized estimates using Perelman's methods 
and results presented in section SJ Those statements will be used in section 18.11 

6.1. The goodness property. The following notion will become important for 
us. It is inspired by Lemma 15.21 

Definition 6.1 (goodness). Let (M,g) be a complete Riemannian 3-manifold, 
ro > and consider the function p ro : M — > (0, 00) from Definition \4-l\ Let 
w > be a constant and x € M be a point. 

(1) Let x be a lift of x in the universal cover M of M. Then x 6 M is 
called w-good at scale r if vol B(x,p ro (x)) > wpf Q (x). Here B(x, p ro (x)) 

denotes the p ro (x)-ball in the universal cover M of M. 
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(2) Let U C M be an open subset and assume that x e U . Assume now that x 
is a lift ofx in the universal cover U ofU. Then x is called w-good at SCale 
r relatively to U if either B(x, p ro (x)) <f_ U or vol B(x, p ro (x)) > wpf (x) 

where now B(x, p ro (x)) denotes the p ro (x)-ball in the universal cover U of 
U. 

(3) The point x is called locally w-good at scale r if it is w-good at scale r 
relatively to B(x, p ro (x)). 

Observe that the choice of the lift x of x is not essential. We remark that the 
property "w-good" implies the properties "w-good relatively to a subset U" and 
"locally w-good" . The opposite implication however is generally false: Consider 
for example a smoothly embedded solid torus S C M, S ~ S* 1 x D 2 and a collar 
neighborhood U of dS in S, i.e. U C S, U w T 2 x (0, 100) and dS C dU, such 
that the geometry on U is close to product geometry T 2 x (0, 100) in which the 
T 2 -factor is very small. Then for some w > all points of U are w-good relatively 
to U as well as locally w-good, but none of the points of U are w-good. 

We remark that by volume comparison, there is a c > such that if x G M 
is w-good at scale r > for some w > 0, then x is also cw-good at any scale 
r' < r . 

6.2. Universal covers of Ricci flows with surgery. In the following we will 
need to carry out Perelman's methods in the universal covering flow Ai of a given 
Ricci flow with surgery A4. In the case in which Ai is non-singular, Ai is just the 
pullback of the time-dependent metric onto the universal cover of the underlying 
manifold. In the general case, the existence of M is established by the following 
Lemma. 

Lemma 6.2. Let Ai be a Ricci flow with surgery on a time-interval I C [0, oo) 
which is performed by precise cutoff and assume that if Ai has surgeries, then 
there is a minimal surgery time. Then there is a Ricci flow with surgery Ai 
(called the universal covering flowj which is performed by precise cutoff and a 
family of Riemannian coverings ir t : Ai (t) — > Ai (t) which are locally constant in 
time away from surgery points such that the components of all time-slices Ai{t) 
are all simply connected (i.e. Ai(t) is the disjoint union of components which are 
isometric to the universal cover of Ai{t)). 

Moreover, if Ai is performed by 5 (t)- cutoff for some 5 : I — > (0, oo), then so 
is Ai. If all time-slices of Ai are complete, then the same is true for Ai . If 
the curvature on Ai is bounded on compact time-intervals which don't contain 
surgery times, then this property also holds on Ai . 

Proof. Recall that Ai = ((T%, (M i x I\gf) h (U l ±)i, where each g\ is 

a Ricci flow on the 3-manifold^M* defined for times P. We can lift each_of these 
flows to the universal cover Mq of M % via the natural projections 7Tq : Mq — > M l 
and obtain families of metrics g l 1 which still satisfy the Ricci flow equation. 
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We will now assemble the flows (Mg x P,g l ot ) to a Ricci flow with surgery 
Ai. Each time-slice M.(t) of the resulting flow will be composed of a (possibly 
infinite) number of copies of components of (Mq^qJ if t G P. If there are no 
surgery times in J, i.e. I = I 1 , then we set M. = (•, (Mq,^), •, •, •). For any i let 
A4 l be the restriction of A4 to the time-interval / fl (— oo,T*) and if T 4_1 is the 
last surgery time, set M. % = M.. By induction, we can assume that M. % already 
exists and we only need to prove that we can extend this flow to a Ricci flow 
with surgery which is the universal covering flow of M. l+1 . In order to do 

this, it suffices to construct the objects (M i+1 x P +1 ,g l t +1 ), Q\ Uj_, and the 
projection ir i+1 : M l+1 ^M l+1 . 

Fix i and consider (M l x P,gl) from Ai l and the projection it 1 : M l — > M % 
corresponding to Hf Denote by Q l C M % the preimage of Q l and by U l _ C Q l the 
preimage of U l _ under n 1 and let Uq + C Mq +1 be the preimage of U]_ under ti 1 +1 . 
Observe that the subset U l _ C M l is bounded by pairwise disjoint, embedded 
2-spheres. So for every point p G f/1, the natural map 7Ti(f/l,p) — > iri(M l ,p) 
is an injection. Consider now the set Uq + C Mq +1 . The complement of this 
subset is still a collection of pairwise disjoint, embedded 3-disks and hence each 
component of Uq + is simply connected. Via (<fr 1 ) -1 : U\ — > Ut we find a covering 
map Uq + — > U l + — > U % _ C M l . Since every component C + of ?7q + is simply- 
connected, we find a lift (f) l c+ c _ : Uq + — > M* for every component C_ of Z71 with 
7r* +1 (C + ) = ^(tt^C-)) such that <j>*(C+) = C_. Using the fact that C/l M i is 
7Ti-injective, we conclude that 0c+,c_ i s injective. 

Choose for every component C_ of U l _ the (unique) component C + = C + (C_) of 
such that ^ +1 (C+) = ^(tt^C-)). Let M l +1 (C + ) be the component of M l +1 
which contains C + . Observe that C + is the only component of Uq + in Mq +1 (C + ). 
Now let M l+1 the disjoint union of all components Mq +1 (C + (C_)) where C_ runs 
through all components of U l _. The set U\ is the disjoint union of all the C + (C_) 
and the diffeomorphism is defined to be the inverse of <p l c+ ^ c \q 011 each C_. 
This finishes the proof. □ 

6.3. Quotients of necks. Before we discuss the main tools, we need to establish 
the following Lemma which asserts that sufficiently precise e-necks cannot have 
arbitrarily small quotients. 

Lemma 6.3. There are constants Sq^wq > such that: Let (M,g) be a Rie- 
mannian manifold, e < Sq and assume that xq G M is a center of an e-neck 
and assume that r < \Km\~ 1 ^ 2 (x) . Consider a local Riemannian covering ix : 
(M,g) -)• (M',g') (i.e. n*g' = g) such that tt(M) C M' is not closed and let 
x' = tt(x ) G M' . Then vo\B(x' ,r) > w r 3 . 

Proof. We may assume without loss of generality that the scale A in Definition 
12.61 is equal to 1 (and hence r < 1.1 for small e), that M is an e-neck and 
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that 7r is surjective. So, we can identify M = S 2 x (— -) and assume that 
\\g — fi , s'2 x]R || c , [e -i ] < e. If £ is small enough, there is a smooth unit vector field X 
on M pointing in the direction of the eigenspace of Ric associated to the smallest 
eigenvalue which is unique up to sign. For any 1/1,2/2 £ M with ir(yi) = ^(2/2), 
we have dir(X yi ) = ±dn(X y2 ). So by possibly passing to a 2-folded cover of 
M' , we can assume that G?7r(X) = X' for some smooth vector field X' on M' . 
Moreover, by possibly passing to another 2-folded cover, we can assume that M' 
is orientable. Let E C M be the embedded 2-sphere corresponding to S 2 x {0}. 
If e is small enough, the trajectories of X cross E exactly once and transversely. 
Finally, let U C M be the open set corresponding to S 2 x (—20, 20) and assume 
that e~ l > 100. 

We will first show by contradiction that it restricted to the ball B(xq, 1) is 
injective. So assume that there are two distinct points 2/1,2/2 G B(xq, 1) with 
^(l/i) = 7r (V2)- Consider a geodesic segment 7 between yi and xq and lift its 
projection 7r o 7 starting from y 2 - This produces a point £1 G M with 7r(xo) = 
7r(xi) and dist(xo,£i) < 2. Moreover, we can construct an isometric local deck 
transformation <p : U — > U\ C M with (p(x Q ) = x\. We note that ip preserves 
orientation and the vector field X. 

Now for x G S define <^'(x) to be the unique intersection point of the X- 
trajectory passing through (f(x) with E. Then if' : E — > E is bijective continuous 
and orientation preserving. Hence it has a fixed point G E. 

Let now Zk = f^ k \z Q ) G U\ as long as this is defined. Those points all lie on the 
trajectory through z$ and have consecutive distance less than 10. Hence, there is 
a point Zk G U\ of distance more than 10 to Zq. This implies that E' = Lp( k °\Y<) 
is disjoint from E. But then the part of M which is enclosed between E and E', 
maps to a closed manifold contradicting the assumptions. 

So for all r < 1 we have vol B(x' ,r) = vol B(x ,r) > cr 3 for some universal 
c > 0. This finishes the proof. □ 

6.4. Bounded curvature around good points. We start out by presenting a 
simple generalization of Corollary 14.31 and consequence of Proposition 14.21 which 
exhibits the flavor of the subsequent results. We point out that the following 
Proposition is also a consequence of the far more general Proposition 16.51 below. 

Proposition 6.4. There is a continuous positive function 5 : [0, 00) — > (0, 00) 
such that for any w, 9 > there are r = t(w),p = p(w) > and K = K(w),T = 
T(w, 9) < 00 such that: 

Let Ai be a Ricci flow with surgery on the time-interval [0, 00) with normalized 
initial conditions which is performed by S(t) -precise cutoff. Let to > T be a time, 
xq G -M(to) a point and r > and assume that 

(i) 9^r G <r Q <^r , 

(ii) xq is w-good at scale r and time t Q . 

Then we have p(x ,t ) > T\ — minjpy^, r } and the parabolic neighborhood 
P(x ,t ,r 1 , —rrf) is non-singular and |Rm| < Kr^ 2 on P(x , t Q , 77, — rrf). 
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Proof. The proof is very similar to that of Corollary 14. 31 Choose the constants Eq, 
E_ eo , r] as well as the functions r eo , 5 £0 , S as described in the first paragraph of this 
proof. Then every point (x,t) G M. with t G [|to,£o] satisfies the canonical neigh- 
borhood assumptions CNA{r^ _(to)> £ o> M^iV)- This implies that also every point 

(x,t) G M. in the universal covering flow (see Lemma I6T2]) with t G [s^Oj^o] sat- 
isfies the same the canonical neighborhood assumptions CNA(r eo (t ), e ,E^ o , rj). 
As in the proof of Corollary, we can assume that S(t) < ^^X-e {to), w , liMe , ?7> 0) 
for all t G [|to?^o] where fi$~2\ is the constant from Proposition 14.21 

We now apply Proposition 14.21 to the universal covering flow Ai at a lift xq of 
x with x 4- x , t 4- t , r 4- r 2 = min{p ro (x , t ), |jy^, tjV^o}, r <~ Le (to), 
w 4— w, A 4— 1, E 4— E £0 , rj 4— rj, m 4— 0. Here f f2j~2l = r j^j~2l (u>, 1, E eo ,ri). So 
we obtain that if r 2 = p(x ,t ), then r 2 > T ^zj w, 1, E en ,r))\ft ~. This implies 
that p(x ,t Q ) > min{min{r^2]) rg2J> |}v^o, r o} an d hence the first claim for p = 

Consider now the constant C^rj-gl = ^i W^ w i 1? Me ,v) from Proposition 14.21 
and assume that T = T(w, 9) > 1 is chosen large enough to ensure that C 1 \^^ {t) < 
min{p, 9} for all t G [|to,^o]- Then in particular 

CiPlffi) ^ min{ft0}v1o < min{p ro (x , t ), rfQv^, Iv 7 ^} = r 2 

and hence by Proposition 14 . 2 1 we have |Rm| < K^^j w, i,E £Q , r/)^ 2 on P(x , t , r 2 , 
— ; |4 2| (w, l, ; E £0 ,r7)r|) and this parabolic neighborhood is non-singular. □ 

6.5. Bounded curvature at bounded distance in sufficiently collapsed 
and good regions. We now extend the curvature bound from Proposition 16 .41 to 
balls of larger radii Ar . It is crucial here that by assuming sufficient collapsedness 
around the basepoint (depending on A), we don't have to impose an assumption 
of the form r < r(w, A)y/t^ as in Proposition 14.21 So the product Ar can indeed 
be chosen arbitrarily large. 

Proposition 6.5. There is a continuous positive function 5 : [0, 00) — > (0, 00) 
such that for any w , 9 > and 1 < A < 00 there are r = r(w),p = p(w, A),W = 
w(w, A) > and K(w, A), T(w, A, 9) < 00 such that: 

Let M. be a Ricci flow with surgery on the time-interval [0, 00) with normalized 
initial conditions which is performed by 5 (t) -precise cutoff and let t > T. Choose 
Xq G Ai(t ) and r > and assume that 

(1) 9^/T < r < v 7 ^ 
(ii) Xq is w-good at scale r and time t Q , 
(tit) vol to B(x , t , r ) < wrl. 

Then |Rm| < Kr^ 2 on B = Utsrto-rr 2 1 ] -^(^o, t, Aro) and there are no surgery 
points on B. 

In particular, ifr > p(x ,t ), then p(x ,t ) > py^o an d the curvature estimate 
becomes |Rm| < Kt^ 1 . 
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Proof. We first set up an argument in the spirit of the proof of Corollary 14.31 
Choose Eq > to be smaller than the corresponding constants in Lemma f4. 101 and 
the constant Eq in Lemma 1631 By Proposition 12. 151 there are constants < rj < rj, 
E_ £Q < E < oo and decreasing continuous positive functions r eQ ,5 £Q : [0, oo) — > 
(0, oo) such that if 5(f) < 5^ (f) for all t G [0, oo), then every point (x, f) G Ai 
satisfies the canonical neighborhood assumptions CNA(r_ e (f), e , E, rj). Without 
loss of generality, we can assume that E > E ^jj^ e ) and r\ < Vo\^TU\ where 



^o l4.10l an< ^ ^0 14,101 are ^he constants from Lemma 14.101 Consider the constant 
< \4A0i w 'i A' , r', e', E', rf), assume that it depends on its parameters w', A', r' in a 
monotone way, i.e. 44.10l ( w "' A", r", e', E', r/') < 5gjj^w', A', r', e', E', rf) when- 
ever w" < w', A" > A and r" < r', and assume that for all t > 

5(f) < min {^Mt-\t,r, (2t), e ,E,rj), 5, (f), fc^t)}. 

By Proposition 16 A\ we have p(x ,t ) > 77 = mm{f^^| y w)^/to,r } and |Rm| < 
E^f^ wf^ 2 on the non-singular parabolic neighborhood P(x , t , r 1; — T^^ w)r 2 ) 
(here we need to assume that T is large enough). In particular, this shows how 
the last assertion of the Proposition follows from the first one. 

It remains to show the first assertion. Consider the constants t ^q^ w), K^q^ w) 
from Proposition 16.41 and set 

7 = j(w) = ^ min { 1, r^w), K^(w)}. 

Consider the universal covering flow Ai of Ai as described in Lemma 16.21 and let 
So £ Ai be a lift of xq. By the choice of 7 we have 

|Rm| < (7r )~ 2 on P(x , t, jr , -(jr ) 2 ) for all t G [t - (-fr ) 2 , *o] 

and vol 4 B(x , t, 7 r ) > ^c( 7 r ) 3 for all such t. We now argue that for sufficiently 
large T we can apply Lemma 14.10( a) with Ai Ai, x 4— x , t 4— t G [to — 
(ir ) 2 ,t ], r <- ir , w 4- ±cw, A 4- 7 _1 (A + 1), r 4- r £Q (t ), rj 4- rj, e 4- e , 
E <— E. In order to do this, we need to assume that T = T(w, A, 9) is large 
enough such that 2T _1 < jqCW and \T > 7 ~ 1 (y4+l). Observe that for all (x' , f) G 
Ai with [|to,^o] the canonical neighborhood assumptions CNA(r £ (to),eo, E,rj) 
hold. So these canonical neighborhood assumptions also hold for all (x',f) G Ai 
with f G [^Oj^o]- Moreover, by the choice of T we have 5(f) < fyipf cw, 7 ~ 1 (y4 + 
l),r eo (t ),e ,E,ri) for all f G [ftoi^o]- So Lemma f4. 10( a) can be applied and 
we conclude that for any t G [to — (7 r o) 2 >^o] the points on B(x ,t, (A + l)r ) 
satisfy the canonical neighborhood assumptions CNA^ fy iQf o, e , E, rf). Here 
felUl = ^jd j^ w ^' l ( A + ViZqiEiV)- Set K = 7 maxl ^^ E 2 }. So, 
whenever |Rm|(a;,t) > -ft'rQ 2 for some x G B(xo,t, (A + l)r ), then (a;,t) is a 
center of a strong EQ-neck or an (e , -E)-cap and 

|V|Rm|- 1/2 |(x,t) < rf 1 . (6.1) 

Fix some t & [to — ( 7 ro) 2 ,to]- Let a < A be maximal with the property that 
|Rm t | < Kr^ 2 on B(x ,t,ar ). If a = A, we are done, so assume a < A. By 
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f)6.ip . we can conclude that (compare also with Lemma 14.51) 

|Rm t | < 4Kr 2 on B(x , t, ar + i^ _1/2 r ). (6.2) 

By the choice of a we can find a point x\ G Ai(t) of time-t distance exactly ar® 
from x with |Rm|(xi,t) = Kr^ 2 . So {xi,t$) is either a center an £ - nec k or an 
(eo, -E)-cap in M(t). 

Let Xi G .M(i) be the projection of X\. By (16.21) and volume comparison, we 
can rudely estimate 

vol t B(x u t, \r]K- l l 2 r ) < vol t B(x , t, ar + ^R- 1 ' 2 ^) 

< C{A, K) vol t B(x , t, r ) < C(w, A)«Jr^. (6.3) 

If (xi,t) is a center of an £cr n eck, then we obtain a contradiction using Lemma 
16.31 assuming C(w, A)w < w^-rjK' 1 ' 2 ) 3 . So assume for the rest of the proof that 

(x\,t) is a center of an (£ ,E)-c&p U C M.(t). Let K C Z7 be a compact subset 
such that x i G if and {7 \ if is an £cr n eck and let y G Z7 be a center of this neck. 
We have 7~ 2 r 2 < E~ 2 Kr 2 < |Rm| < E 2 Kr 2 on {7. So x ^ £7 and hence the 
minimizing geodesic segment between x Q and x\ passes through the whole EQ-Jieok 
U\K. So for sufficiently small Sq we have distt (5;o, ^) < distt(5o, X\) = ar . In 
particular, for the projection y of y we find B(y,t, |r7if _1 / 2 r ) C B(x ,t,ar + 
I^-VVq). Now again using Lemma [6.31 and (16. 3p . we conclude 

wod^" 1 ^" 172 ) 3 ^ < volt t, ^E-'K-^ro) < C(w,A)wr 3 . 

This yields a contradiction for sufficiently small w. 

It remains to show that there are no surgery points on B. To see this, observe 
that |Rm| < Kd'% 2 on B, but by flO} we have |Rm|(x,t) > c'5" 2 ^) at for 
every surgery point (x,t) G Ai for some universal d > 0. So choosing T large 
enough yields the desired result. □ 

6.6. Curvature control in points which are good relatively to regions 
whose boundary is geometrically controlled. Next, we generalize Propo- 
sition 16.41 to include points which are good relatively to some open set U. In 
order to do this, we need to assume that the metric around the boundary of U is 
sufficiently controlled on a small time-interval. 

Proposition 6.6. There is a continuous positive function 5 : [0, oo) — > (0, oo) 
such that for any w, 9 > there are a = a(w),r = r(w) > and K = K(w),T = 
T(w, 6) < oo such that- 
Let Ai be a Ricci flow with surgery on the time-interval [0, oo) with normalized 
initial conditions which is performed by 5 (t) -precise cutoff and let t > T. Let 
r > and consider a sub-Ricci flow with surgery U C Ai (see Definition \2.5\) 
on the time-interval [t — r 2 ,t ] whose time-slices U(t) are closed subsets of Ai(t) 
and a point x G U(t ) such that 
(i) O^Tq <r < ^/Tq, 

(ii) for all x G dU(to), the parabolic neighborhood P(x, to, vq, — r 2 ,) is non- 
singular and we have |Rm| < r^ 2 there, 
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(Hi) xq is w-good at scale r relatively to U(t ) at time to- 
Then the parabolic neighborhood P(xq, to, aro, —a 2 r^) is non-singular and we have 
|Rm| < Kr^ 2 there. 

Proof. The idea of the proof will be to apply Proposition 14.21 to the universal 
covering flow U of U (see Lemma lfT2"j) . The main problem in the proof is to verify 
assumptions (i) and (ii) of this Proposition. Apart from this, the proof essentially 
goes along the lines of the proof of Proposition 16.41 

We first choose the function 5(t). Let Eo > be the constant from Proposi- 
tion U]2] and consider the constants E €Q , rj and the functions 5^ (t), (t) from 
Proposition 12.151 So if 5(t) < 8 E0 (t) for all t > 0, then M. satisfies the canonical 
neighborhood assumptions CiVA(r eo (t), e , E eo ,rj). Without loss of generality, we 
assume that (t) — > as t — > oo. Similarly as in the proof of Proposition 16.41 or 
Corollary I4.3j we assume that 

8(t) <min{ ( ^-2](r £0 (2t),t- 1 ,l,E £0 , !Z ,0), 6 £0 (t), l} 

where is the constant in Proposition 14.21 which we assume to satisfy the 
before-mentioned monotonicity property. Furthermore, we choose T = T(w, 9) 
such that 2T _1 < cw and that r £Q (t) < ±6 min{l, E~ l , e }Vi, 5(t) < \Q\ft for 
all t>\T. 

We now present the main argument. By assumption (ii), we can consider the 
case in which B(xo,to,r ) C U(to). Our goal will be to apply Proposition 14.21 in 
the universal covering flow U of U (see Lemma l6~2l) at a lift (xo,t ) of (x ,t ). 
We first check that all points (x, t) G U with t G [to — h^o, to] satisfy the canonical 
neighborhood assumptions CNA(r eo (to),£o, E E0 ,rj). To do this, consider first a 
point (xjt) EU CM with t G [to — | r o^o] C [|to>£o]- By the previous conclusion, 
(x,t) satisfies the desired canonical neighborhood assumptions in Ai. We now 
argue that (x, t) satisfies those canonical neighborhood assumptions also in U. If 
|Rm| _1/ ' 2 (a;, t) > r eo (t ), then there is nothing to show. So assume that 

|Rm|- 1/2 (x,t) ^(to) < ±8mm{l,E-\eo}Vto~< ^(max{l, E, 2^ 1 })" 1 r . 

Then in particular |Rm|(a;,t) > r^ 2 which implies by assumption (ii) that (x,t) ^ 
P(x f , t , r , — 7q) for all x' G dU{to) and hence B(x,t, -^r ) C U(t). The point 
(x,t) is a center of a strong eo-rieck or an (eo,E)-cap in M.. The time-i slice of 
this strong eo-Tieok or (eo, -E)-cap is contained in the ball 

^(x^max^^o^lRml- 1 / 2 ^)) C B(x,t,±r ) C U{t). 

Moreover, if (x, t) is the center of a strong £ _nec k, then this neck reaches at 
most until time t — 2|Rm| _1 (a;, t) > t — \r 2 — ^r 2 > t — r 2 ,. So (x,t) in fact 
satisfies the canonical neighborhood assumptions CNA(r Eo (t ), £o,E^ , v) m U. 
It follows that all points (x,t) G U with t G [t — §rQ,t ] satisfy those canonical 
neighborhood assumptions in U. 

It is easy to see that all surgeries on U in the time-interval [to — | r o^o] are 
performed by ^^j ^itp) ,cw , i,E EQ , r), 0)-precise cutoff. So the first paragraph of 
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the assumptions as well as assumption (iv) and (v) of Proposition 14.21 is satisfied 
for M <— U, t <— t , %o <— %o, ro <— ri, w <— cw, A <— 1, r <— r E0 (t ), E E £Q , 
r] 4— r] whenever r% < min{p(x , to), |r }. We will now argue that assumptions 
(i) and (ii) are satisfied for the right choice of ri, i.e. we show that there is a 
constant (3 = 0(w) > (depending only on w) such that these assumptions hold 
whenever T\ < (3tq. 

Consider first assumption (ii). Let x G B(x , t , (3r ) be a point which survives 
until some time t G [to — jQ^ 2r o^o\- Then dist to (x, dU(t )) > \r for (3 < \ and 
we conclude that dist^x, dU{t)) > ^r . So assumption (ii) holds if (3 < 

Assumption (i) requires more work. Set Z = Zf^j cw, 1, E^ Ql rj). Let ti,t 2 G 
[to — jo(3 2 rQ, t ], ti < t 2 and consider some point x G B(x , t , (3r Q ) which survives 
until time t 2 and a space-time curve 7 : [ti,t 2 ] — > M. with endpoint 7^2) G 
B(x,t,4(3ro) and which meets the boundary dll. We want to show that for a 
sufficiently small choice of (3 we have £(7) > Z(3tq. Similarly as in the last 
paragraph, we conclude that dist to (7(t 2 ), dU(t )) > |r if f3 < y^j. Let now 

P= |J P(x',t ,lr ,-r 2 ) 

x'adu{t ) 

be a parabolic collar neighborhood of dll. Recall that P is non-singular, |Rm| < 
Tq 2 on P and (7^2)^2) P- Let [t'i,t 2 ] C [^1,^2] be a time-interval such that 
7(ti) G d£/(t'i) and dist to (7(t' 2 ), dU'{t' 2 )) > ~r and such that 7([ti,t 2 )) C P. 
Then we can estimate using the t _1 -positivity condition 

at) > r v^^dywi? - 1* -1 )* > r Vh=t\i(t)\ 2 dt - pro 

*2 



>c / v^tlYWI^t-f/Sro. 



Substituting s 2 = t' 2 —t with = t' 2 — t[ yields 



2 



d 



ds 

to 



— ==dis<(7(t 2 ),7(t , i))> 



~ 8(3 



Thus 

£(7» 

For sufficiently small the right hand side is larger than Z/3tq. 

We can finally apply Proposition 14.21 with the parameters mentioned above 
and ri = min{p(x , t ), min{/3, ^ J^j cw, 1, E^ o ,rj)}r }. We first obtain, that there 
is an fi = fi(w) > such that 77 > 777*0. Consider moreover the constant 
^i|4]2] = C± \4~2i cw, 1, E eo , 77) from Proposition 14.21 Assuming T to be large 
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enough, we conclude C 1 \^p (t) < C 1 w^\< ri9y/to < fir < T\ for all £ G [|£o,£o]- 
This implies that the parabolic neighborhood P(xo,to,ri, — i$~$ pu, 1, E €0 ,v) r i) 
is non-singular and that we have |Rm| < Kq ^jC cw, 1, E eo , rj)r^ 2 there which 
finishes the proof. □ 



6.7. Controlled diameter growth of regions whose boundary is suffi- 
ciently collapsed and good. In this subsection we show that if a region U in a 
Ricci flow with surgery has controlled diameter at some time t\, then we can con- 
trol its curvature and diameter at some slightly later time t% > t\ if the geometry 
around the boundary dU satisfies certain collapsedness and goodness assump- 
tions. The important point is hereby that the size of the time- interval [£i, £2] does 
not depend on the diameter of U at time t\. We obtain this independence by 
requiring instead a collapsedness assumption which depends on the diameter of 
U at time £1. The idea of the following proof is that by an £-geometry argument 
similar to Lemma I4.6[ we can deduce a K-noncollapsedness result where the con- 
stant k only depends on the diameter of U at time t\. Then, an argument similar 
to the one in the proof of Lemma 14.10( b) will help us to conclude more uniform 
canonical neighborhood assumptions on U and finally an argument similar to the 
one in the proof of Proposition 16.51 gives us a curvature bound on U. 

Proposition 6.7. There is a continuous positive function 5 : [0, 00) — > (0, 00) 

and for every w > there is a To = tq(w) > such that for all 9 > and 
A < 00 there are constants k = n(w,A),p = p(w,A),w = w(w,A) > and 
K = K(w, A), A' = A'(w, A),T — T{w, A, 6) < oo such that: 
Let Ai be a Ricci flow with surgery on the time-interval [0, oo) with normalized 
initial conditions which is performed by 6 (t) -precise cutoff and let £ > T. Let 
t G (0, To] and consider a sub-Ricci flow with surgery U C M. on the time- 
interval [to — rrQ,£ ] whose time-slices are connected. Let Xo G U(to) be a point 
which survives until time to — Tr\ and ro > be a constant. Assume that 

(i) 6^To <r < ^/Tq, 
(ii) %q is w-good at scale r and time t , 
(in) vob B(x , t , r ) < wr^, 

(iv) dU(t) C B(x ,t,Ar Q ) for all t G [£ - rrg,£ ], 

(v) Uito-rrl) C B(x Q ,t -rrg,Ar ). 

Consider the universal covering flow Ai of Ai as described in Lemma W^ and let 
U C Ai be a sub-Ricci flow with surgery such that U(t) C Ai(t) is a family of 
lifts of U(t) . Then 

(a) For all t G [to — rr o>^o] a ^ points of U(t) are K-noncollapsed on scales 
< r in Ai. 

(b) There are universal constants i] > 0, E < oo such that for every t <E [t — 
T7"o,£o] the points in U(t) satisfy the canonical neighborhood assumptions 
CNA(prQ,Eo,E,ri) in Ai. Here e is the constant from Lemma lKlft 
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(c) There are no surgery points in U (i. e. the Ricci flow with surgery U is 
non-singular and we can write U = U(to) x [to — Tr o^o\) ® n d we have 
|Rm| < Kr 2 on U(t Q ) x [t - Tr%,t ]. 

(d) U(t) C B(x , t, A'r ) for all t G [t - rr 2 , t }. 

Proof. Consider the functions {t),r~ (t) and the constants Eg ,T] from Propo- 
sition 12.151 (io is the constant from Lemma I6.3j) and the function §Q^ t) from 
Proposition 16.51 Let furthermore 5* (A, r, rj, t ) be the function from Claim 2 in 
the proof of Lemma 14.61 We can assume without loss of generality that 5* is 
monotone in the sense that 5* (A', r', rj) < 5* (A, r, 77) whenever A' > A and r' < r. 
Assume now that for all t > 

8(t) <rmn{8*(t,lr~ (2t),rf), 5 Io (t), fotft), r^JM)}. 

We note that then the flows M. and Ai satisfy the canonical neighborhood as- 
sumptions CNA(r^ (t), e ,E^ Q , rj). 

Set t (w) = and assume that w < wfer^ w, 2 A) and T > T^r^w, 2A, 0) 

where \^ ^\ ^ f6"31 and T j^^j are the constants from Propsition 16.51 Then there 
is a constant < r' = r'(w,A) < r such that the parabolic neighborhood 
P(xo, t — TTo, Aro, — tVq) is non-singular and 

|Rm| < Kl(w, A)rf on P(x , t - rr 2 , Ar , -r'r 2 ) (6.4) 

and such that the distance distortion on P(xo,t — rrQ,Ar , — tVq) can be con- 
trolled by a factor of 2, i.e. U(t) C B(x , t, 2Ar ) for all t G [to — Tr 2 ., t — {T+r')r%\ 
(note that since the previous parabolic neighborhood is non-singular, we can ex- 
tend U to the time-interval [to — (r + T f )r 2 ,to\). Moreover, we obtain the bound 

|Rm| < Kt(w,A)r 2 on B = \J B(x ,t,2Ar ) (6.5) 

te[to-(T+T>)r%,t } 

and we can assume that there are no surgery points in B. 

Proof of assertion (a). Here, we follow a modified version of the proof of 
Lemma H~6l Let t 1 G [to — rr o^oL Si G U(ti) C A4(ti), < r x < r such that 
P(xi, ti, ri, — r\) is non-singular and |Rm| < rjf 2 on P(xi, t±, ri, — r\). 

We first explain that for sufficiently large T we can restrict ourselves to the case 
r i > §ZIe (^1) > |z> (^o)- Compare this statement with Claim 1 in the proof of 
Lemma I4TB1 (applied to Ai). As in the proof of this claim, we chose s > to be the 
supremum over all r\ which satisfy the properties above and if s < ^r^ (ti), we 

argue as in the cases (2), (3). Case (1) does not occur since Ai has no boundary 
and case (4) does not occur since we can assume that s < |r~ (ii) < 0^/to < r . 

Let X\ G M.{t\) be the projection of x\. Consider the functions L, L and the 
family of domains D t on Ai based in {x\,t\). Our first goal will be to show that 
L(x , t — (r + It^Tq) < C 3 r for some univsersal C 3 = C 3 (w, A, a, r) < 00. An 
important tool will hereby be the following claim which is analogous to Claim 2 
in the proof of Lemma 14.61 
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Claim. For any A < oo there is aT* = T*(A) < oo such that whenever to >T*, 
then the following holds: If t G [to — (r + r^r^ti), x e M(t), ri > hr^ (to) and 
L(x,t) < Ar 0; then x £ D t and (x,t) is not a surgery point. 

Proof. This follows by the choice of 5 in (16. 5p along with Claim 2 in the proof of 
Lemma 14.61 (applied to M). □ 

In contrast to the proof of Lemma I4.6[ we don't need to localize the function 
L. So we will make use of the inequality 

(--A)L(M) > -6, (6.6) 

which holds on D t (cf |Perl[ 7.1]). We will now apply a maximum principle 
argument to (16. 6p to show that either vaiu{t) L(-,t) < 6(ti — t) for all t G [to — 
tt-q, ti) or there is a t G [to — rrQ, *i) sucn that m ^ou(t) L(-, t) < 6(ti — t). Assume 
not. Since, L(xx,t) ~ const (ti — t) 2 as t — >■ ti, there is some t' G [t — rr^ti) 
such that inf L(-,t) < 6(ti — t) for all t G [t',ti). Choose z/ > small enough 
such that mfgijM L(-, t) > (6 + v)(t\ — t) for all t G [to — rrg,t'] and choose 
t* G [t — rrgjt'] minimal with the property that infjm) L(-,t) < (6 + v)(t\ — t) 
for all t G (t*,ti). So L(-,t*) attains its minimum at an interior point x* G U(t*). 
This implies that AL(x*,t*) > 0. Since L(x*,t*) < (6 + v)(t x - <*), we have 
L(x*,t*) < (3 + v)^t x -t* < 4r . Hence by the Claim, assuming T > T*(4), 
we conclude x* G Z^* and (x*,t*) is not a surgery point. By the assumption 
on t*, we must then either have t* = t — rr 2 or L(x*,t*) = (6 + v)(t\ — t*) and 
^L(x*,t*) < —6 which however contradicts ( 16. 6p . So infj/(t) L(-, t) < (Q+u)(ti—t) 
holds for all v > and t G [to — Tr 2 , t x ) and by letting v go to zero, we obtain a 
contradiction. 

Consider now the case in which there is a t G [to— rr 2 , ti) such that ii\igu(t) L(-, t) 
< 6(ti - 1). Let a; G dU(t) such that L(ar, t) < 6(ti - 1), i.e. L(x, t) < 3^tt^t < 
3r . By concatenating an £-geodesic between (xi,ti) and (x,t) with a constant 
space-time curve on the time-interval [t — rrg, t], we conclude using (I6.5P and 
assumption (iv) 

L(x, t - rr 2 ) < L(x, t) + C^lrf J y/t^fdt' < 3r + C^Tq. 

Thus, in both cases (i.e. in the case in which the infimum of L can be controlled on 
the boundary of U as well as in the case in which it can be controlled everywhere 
on U), we can find some point y G U(t — rr^) such that L(y, t — rr^) < C 2 r for 
some constant C 2 = C 2 (w,A) < oo. Observe that by (v) we have y G _B(a;o,to _ 
rr^Aro). So by extending an £-geodesic between (xi,ti) and (y,t — rr^) by 
a time-(t — rr^) geodesic segment, we can conclude using ( 16. 4 p that there is a 
constant C3 = Cs(w, A,r') = Cs(w,A) < 00 such that L(xo,to — (r + |r')rg) < 
C 3 r . 

By the Claim, assuming T > T*(Cs), we find that there is a smooth minimizing 
£-geodesic 7 between (xi,t\) and (xo,t — (r + |r')r 2 ) which does not hit any 
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surgery points. We now lift 7 to an £-geodesic 7 in M. starting from (2i,ti) 
and going backwards in time. If there are no surgery times on the time-interval 
[to — (t + ^T r )r 2 ,ti\, then this is trivial. If there are, then let T % be the last 

surgery time which is < t\ and lift 7 on the time-interval [T l , ti] to M.(T' L ). 
Obviously, 7(T l ) G U l + and we can use the diffeomorphism to determine the 
limit lim t ^ T i7(t). Starting from this limit point, we can lift 7 on the interval 
[T l_1 ,T*) or [t — (r + ^r')r 2 ) ,T l ) and continue the process until we reach time 

t -(r+ |r')rg. Let x = 7(t - (r + |^') r o) G ^(*o - (t + l r ') r o) be the initial 
point of 7. Then x is a lift of Xq and there is a V\ — fx(w) > such that 

vol to _ (r+r , )r 2 B(x , to-(r+ r'Yl, r ) > u^. 

We consider now the functions L , £ , the domains and the reduced 

volume V (t) in M. based in (xi,ti). By concatenating 7 with time-(t — ( r + 
aOr 2 ,) geodesic segments we conclude, using the curvature bound in (16.5p . that 
there is some C4 = C^w, A) < 00 such that 

L M (x,t - (r + t> 2 ) < C 4 r for all a; € B(x' , to — (r + T ; ) r 0' r o)- 
Again, using the Claim and assuming T > T*(C4), we conclude that B(x' ,t — 
(r+r')ro,r ) C -D^__ (T+r , )r 2. So together with the inequality ti-(t -(T+T')ro) > 
|tVq, this implies that there is some v-i = ^(w, A) > such that 

^(t -(r + r')r 2 )>z, 2 . 

This implies the noncollapsedness in (Si,ti). 

Proof of assertion (b). The proof of this part goes along the lines of the 
proof of Lemma f4. 10( a). The main difference is however that instead of invoking 
Lemma [4.61 for the non-collapsing statement, we make use of assertion (a) of this 
Proposition. 

Observe that by ( 16. 5p . (ii) and basic volume comparison, we can choose k = 
k(w, A) > such that the K-noncollapsedness from assertion (a) even holds for 
allt G [t -(T + r')rlt }. 

Let w, A be given and let E = maxj^, E^-^ eq)} and r\ = min{^, r ^~g| } where 
E^gCso), ? |3~g| are the constants from Lemma 14781 

Assume first that the statement is false for some small p, i.e. there is a time 
t G [to — rr o,to] and a point x G U(t) such that (x,t) does not satisfy the 
canonical neighborhood assumptions CNA(pro,£o,E,r]) on Ai. In particular 
|Rm|(x,t) > p~ 2 rQ 2 . 

By a point picking argument, much easier than the one used in the proof of 
Lemma 14.101 (a). we can find a time t G [to — tTq, to] and a point x G U(t) which 
have the same property and which additionally satisfy the following condition: Set 
q = |Rm| _1 / 2 (?r, t). Then for any t' G [to — (t + r')rQ,t\, all points in U(tf) satisfy 
the canonical neighborhood assumptions CNA(^q, eq, E, r/). Observe that here we 
assumed that p~ 2 > K{ and hence by (16. 5p we did not need to extend the interval 
[t — rrQ,t ] to pick (x,t). Moreover, this implies that distf(x, dU(t)) > Ar . 
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We now assume that there are no uniform constants p and T such that assertion 
(b) holds. Then for some given w, A, we can find a sequence p a — > and a 
sequence of counterexamples AA a , U a , t%, T a , 9 a , Xq with t$ — > oo and > 
T( a )(w, A,9 a ) (here T( a ) is the constant for which assertion (a) holds) such that 

there are times t a G [^o — T a (^o) 2 '^o] an d points x a G U a (t a ) which do not satisfy 
the canonical neighborhood assumptions CNA(p a rQ,Eo,E,r]) on Ai. We can 
additionally assume that t$ — > oo. By the last paragraph, we find times t a G — 
T a {r^ ) 2 , tg] and points x a £ U (t a ) such that (x a , t a ) does not satisfy the canonical 
neighborhood assumptions CNA(q a ,'so,E,r)) with q a = |Rm|~ 1//2 (x a , t a ), but 
for any £' G [i a — (r a + t')^) 2 ,t a ], all points in U a {t') satisfy the canonical 
neighborhood assumptions CNA(^q a , e , E, rf). 

Recall that we must have q a > r^ (t a ) > HeqC^o)- Let (a;', t') G A^ a be a surgery 
point with t' G [tg — r°(rQ) 2 ,tQ]. Then as in (14 .2p we have by the choice of 5 

\Rm\(x',t') > c>6- 2 (t') > c't 2 rz 2 (2t') > c'(^) 2 rr 2 (t«) 

and hence (g a ) 2 |Rm|(x' ) i! ) > d{t%) 2 — 7- oo. As in the proof of Lemma 14.10( a) 
we conclude using Lemma [4.51 that there is a constant c > such that for large 
a the parabolic neighborhood P(x a ,t a , cq a , —c(q a ) 2 ) is non-singular and we have 
|Rm| < 8(q a )- 2 there. 

Again, as in the proof of Lemma [4.10f a). we choose r* > maximal with the 
property that for all r** < r* the point x a survives until time t — r**(q a ) 2 for 
infinitely many a. After passing to a subsequence, we can assume that for all 
t** < r* the point x a survives until time t a — r**(q a ) 2 for sufficiently large a. 
Recall that distj<*(x a , dU a (t a )) > Ar^. By (16.51) and simple distance distortion 
estimates, we obtain that dist t (x Q , dU a {t)) > br% for all t £ [T - T**(q a ) 2 } T] 
and some b = b(w,A) > (actually we can choose b = b(w) > 0). So for every 
a < oo and r** < r*, we have dist t (dU a (t), x a ) > aq a for all t G [F -r**(g Q ) 2 ,F] 
whenever a is sufficiently large. 

So by assertion (a) of this Proposition and the choice of (x a ,t a ) there is a 
uniform constant k > such that: For all r** < r*, a < oo and sufficiently large a 
we have that for all t G — r**(q a ) 2 ,t a ] the points in the ball B(x a ,t, aq a ) are k- 
noncollapsed on scales < Tq and satisfy the canonical neighborhood assumptions 
CNA(^q a , £o, E, rj). Therefore we can follow the reasoning of the proof of Lemma 
14.10( a) and apply Lemma [4.91 to conclude that there is a KZ, < oo such that that 
for all r** < r* we have (g a ) 2 |Rm|(x a , t) < K* for all t G [P - r**(q a ) 2 ,t a ] 
for infinitely many a. If r** < oo, this implies using Lemma 14.51 that there 
is a constant c" > such that (q a ) 2 \Rm\(x a , t) < 1K\ for all t G [F - (r* + 
c")(g a ) 2 , t ] for infinitely many a. In particular, x a survives until time t — (r* + 
c")(q a ) 2 for infinitely many a, contradicting the choice of r**. So r* = oo and 
again Lemma I4T91 yields that the pointed Ricci flows with surgery (Ai a , (x a ,t a )) 
subconverge to a K-solution after rescaling by (<f*) -1 . Using Lemma 14.81 this 
yields a contradiciton to the assumption that the points (x a ,t a ) don't satisfy the 
canonical neighborhood assumptions CNA(q a ,e ,E,rj). 
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Proof of assertion (c). The proof is similar to the proof of Proposition 16.51 
However, instead of using Lemma [4.10( a). we will invoke the canonical neighbor- 
hood assumptions from assertion (b) which are independent of the distance to xq. 
Choose E and 77 according to assertion (b) and set K = max{p _2 (w, A), E 2 Kl}. 

Fix some time t G [t — rrQ,t ] and let a < 00 be maximal with the property 
that |Rm t | < Kr$ 2 on B(xq, t, ar ) D U(t). We assume that U(t) <£ B(xo,t,aro). 
Analogously to (16.21) we obtain using assertion (b) that 

|Rm t | < AKr^ 2 on (B(x , t, ar + \r]K' 1/2 r Q ) n U(t)) U B(x , t, 2Ar ). 

Choose X\ G U(t) of time-t distance exactly ar from xq with |Rm|(a;i, t) = Kr$ 2 . 
Then x\ ^ B(xo,t,2Aro) by (16.51) . Let x\ G U(t) be a lift of x\ and xq G M(t) 
be a lift of xo such that distt(xo,xi) = distt(xo, x±) = ar . By assertion (b), we 
conclude that (xi, t ) is either a center of an e -iaeck or an (e , £')-cap in M.(t). 

Without loss of generality, we can assume that r is chosen small enough de- 
pending on w such that B(xq, t, j^ro) C B(xq, t , r ). So we can find a C\ — 
C\{w) < 00 such that vol* B(xo,t, ^?"o) < Ciwr^ (see assumption (iii)). Observe 
that by assumption (iv) any minimizing geodesic in Ai(t) connecting xq with 
a pont x G U(t) is contained in B(xo, t, 2Ar ) U U(t). So by (16. 5p and volume 
comparison we obtain analogously to (16. 3p that 

vol t B(xi,t, ±r]K- 1/2 r ) < vol t B(x , t, ar + \r)K- 1,2 r Q ) n t/(t) 

< C 2 (w, A) vo\ t B(x , t, j^ro) < CaCiwrjj. 

Using the same reasoning as in the proof of Proposition 16.51 we obtain a contra- 
diction if w is small enough depending on w and A. 

The fact that U is free of surgery points for sufficiently large T follows as usual. 

Proof of assertion (d). Assertion (d) follows immediately from assertion (c) 
by a simple distance distortion estimate. □ 

6.8. Curvature control in large regions which are locally good. We will 

now show that if we only have local goodness control within some distance to 
some geometrically controlled region and if we can guarantee this control on a 
time-interval of uniform size, then we can deduce a curvature bound which is 
independent of this distance. 

In this section, we will use the following notion: Let U C M. be a sub-Ricci 
flow with surgery of A4, t be a time for which U(t) is defined and d > 0. Then we 
denote the time-t <i-tubular neig hborhood around dU(t) in U(t) by B u (dU, t, d) = 
B(dU(t),t,d) n U(t). The parabolic neighborhood P u {dU,t,d,At) is defined 
similarly. 

Proposition 6.8. There is a continuous positive function 5 : [0, 00) — > (0, 00) 
such that for every w, 9 > and A < 00 there are constants K = K(w, A),T(w, 
A, 9) < 00 such that the following holds: 

Let M. be a Ricci flow with surgery on the time-interval [0, 00) which is performed 
by 8 {t) -precise cutoff and whose time-slices are compact and let t > T. Consider 
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a sub-Ricci flow with surgery U C M. on the time-interval [to — rf,to] whose 
time-slices U(t) are open subsets of Ai(t). Let r\,ro,b > be constants such that 

(i) 9^/To < 2ri < r < y/To, 

(ii) for all x G dU (to) we have |Rm| < Ar\ 2 on P(x, to, r±, —r\), 

(Hi) for every t G [to — r 2 ,to] and x G B u (dU,t,b) , either x is locally w-good 
at scale r and time t or |Rm|(x, t) < Ar^ 2 . 

Then for every t G (to — r 2 , to] and x G B u (dU, t, b) we have 

|Rm|(x, t) < K((b - dist t (dU(t), x))' 2 + (t - t + rfy 1 ). 

Proof. Let 5(t) be an arbitrary function which goes to zero as t — > oo. Then 
for sufficiently large t (depending on w, A and 8), we can use Definition 12.11( 3) 
to conclude that no surgery point of M.(t) is locally iy-good at scale r and the 
curvature at every surgery point satisfies |Rm| > Ar\ 2 . So we can assume in the 
following that there are no surgery points in the space-time neighborhood 

B= |J B u (dU,t,b). 

te(t ~rf,t ] 

Consider the function 

/ : (x,t) i— > \Rm\(x,t)((b-dist t (dU(t),x))- 2 + (t-t + r 2 1 )- i y 1 

on B. Since B is free of surgery points, we find that |Rm| and hence / is bounded 
on B. 

Denote by H the supremum of /. Choose some (xi,ti) G B where this supre- 
mum is attained up to a factor of 2, i.e. f(x\ 1 ti) > \H and set Q = r^|Rm|(xi, t\). 
Observe that Q > f(xi,t\). Now if H < max{32,2v4}, then we are done. 
So assume in the following that H > max{2,2A}. This implies in partic- 
ular that Q > f(xi,ti) > \H > max{l,v4} and hence by assumption (hi) 
the point xi is locally w-good at scale r and time t 1 and by assumption (ii) 
(xi,ti) £ P(x,t ,r 1 , —r\) for all x G dU(t ). 

Set d\ = distt 1 (9?7(ti), Xi), a = r^ x (b — d\) and observe that 

Qa 2 > f(x u h) > \H and Q(h - t + rj)r^ 2 > f(x l ,t 1 ) > \H. (6.7) 
For all t > \(t\ — t + r\) + t — r\ and x G B u (dU, t, d\ + \ari) we have 

|Rm| (x, t) <H((b- dist^dU^)^))' 2 + (t-t + rfy 1 ) 

< H{Aa- 2 r^ 2 + A(t -t + r^)" 1 ) < 16Qr^ 2 . (6.8) 

For a moment fix some arbitrary x G B u (dU, t, d\ + \ari) and choose At > 
maximal with the property that t± — At > \(t\ — t + r\) + to — r\ and 
dist t (dU(t), x) < d\ + |a for all t G [ti — At, t x ]. We will now estimate the 
distance distortion between x and any point xq G dU using Lemma [4.4f b). Ob- 
serve that for all t G [t% — At, ti] we have |Rm| < 16Qr^ 2 on B(x,t, |ari) by 
(16. 8p . Moreover, by (16. 7p we have |Q _1 ^ 2 ri < |ari. By assumption (ii) we can 
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also find a (3 = (3(A) > such that |Rm| < /3~ 2 rf 2 on B(xo, t, (3ri) and such that 
B(x , t, (3ri) C B(x ,t ,r 1 ) for all t G [ti — At, So Lemma @3Jb) yields 

— distf(x , x) > -C{ y/Q + /T 1 )^- 1 
for some universal constant C and hence using (16. 7p we obtain 

1 2 

At > mm| — J^-L— , -t 0+r? )}> c ' min {aQ~ l '\ a/3, i?Q -1 }r 2 

> cminl^g-i^i/ag-i/a ,#Q-i} r 2 = c E^Q-\\ 

for some universal c' > and some c = c(A) > 0. So by varying x and Xo, we 
conclude that |Rm| < lQQr^ 2 on P' = P u (dU,t 1 ,d 1 + \an, -cH^Q- 1 ^) and 
that 

P'c [J B u (ffl7,f,di + ±an). 

By the t _1 -positivity of the curvature on M, we have sec > —F(Qr^ 2 to)Qr^ 2 
on P' where F : [0, oo) — > [0, oo) is a decreasing function which goes to zero 
on the open end. Observe that F(Qrf 2 t ) < F(AQ) < F(H) and hence we 
have the bound sec > —F(H)Qri 2 on P' . Recall now that there is a constant 
0< (3 = (3(A) < 1 such that dist tl (dU(t x ), x x ) > f3r 1 . Then 

P(x l ,t u mm{(3 J la}r l ,-cH 1 / 2 Q~ 1 r 2 1 ) C P' . 

Define S : (0, oo) -> (0, oo) by = min^- 1 / 2 ^), fx 1 / 2 , ^x 1 ' 2 , c^x 1 / 4 }. 

Then S(x) — > oo as x — > oo and we find using (16. 7ft : 

Jo > l^g- 1 / 2 > S(H)Q- 1 ' 2 , 

(3 > IPH^Q- 1 ' 2 > S(H)Q- l l 2 , 

cH^Q- 1 > S 2 (H)Q-\ 

This yields the bound 

sec > -S- 2 (H)Qrf on P(x 1 ,t 1 , S(H)Q- 1/2 r u ~S 2 (H)Q- 1 r 2 l ). 

In particular p ro (xi,ti) > S(#)Q- 1/2 tt (observe that S(H)Q- 1 / 2 r 1 < 0n <jr ). 

So by property (iii), we conclude that for r = S(H)Q~ 1 ^ 2 r\ we have vol 4l B(xi, 
ti, r) > cwr 3 where B(x±, ti, r) denotes the universal cover of the ball B(xi,t±,r). 
We can now lift the flow from on P(xi,ti,r, —r 2 ) to this universal cover, rescale 
it by r _1 and use Lemma [4.111 to conclude 

Qrf = |Rm|(a?i,ti) < K (cw)^ l (cw)r- 2 = K Q r^ S~ 2 (H)Qrf . 

This implies S 2 (H) < K t and hence H is bounded by some universal constant 
Hq = Hq(w) < oo. This finishes the proof. □ 

7. Preparations for the main argument 

In this section we list smaller Lemmas which will be used in the main argument 
in section [SJ 
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7.1. Evolution of areas of minimal surfaces. The following Lemma will be 
used in the proof of Proposition 18.51 to show that after some time, all time-slices 
in a Ricci flow with surgery are irreducible. 

Lemma 7.1. Let Ai be a Ricci flow with surgery and precise cutoff and closed 
time-slices, defined on the time-interval [T l5 T 2 ] (0 < T\ < T 2 ), assume that the 
surgeries are all trivial and that 7r 2 (.M(i)) ^ for all t G [T^T^]. For every 
time t G [T 1; T 2 ] denote by A(t) the infimum of the areas of all homotopically 
non-trivial immersed 2-spheres. Then the quantity 

t l/A (r l A{t) + i§<K) 

is monotonically non-increasing on [T 1; T 2 ]. Moreover, 

T 2 < (l + -^T 1 - 1 A(T 1 )yT 1 . 

Proof. Compare also with [MTT1 Lemma 18.10 and 18.11]. Let t G [T X ,T 2 ). 
By [SUlj and [Gul] or [MY] , there is a non-contractible, conformal, minimal 
immersion / : S 2 — > A4(to) with area to / = area 5 2 f*(g(t )) = A(t ). We remark, 
that using the methods in the proof of Lemma 17.21 below, it is enough to assume 
that / is only smooth. Call S = f{S 2 ) C M.{t). Then £ is either a 2-sphere or an 
MP 2 with a finite number of self-intersections. We can estimate the infinitesimal 
change of the area of S (we count the area twice if E is an 1LP 2 ) while we vary the 
metric in positive time direction (and keep / constant!). Using the t^" 1 -positivity 
of the curvature on Ai(t ), the fact that the interior sectional curvatures are not 
larger than the ambient ones as well as GauB-Bonnet, we conclude: 



_d_ 

dt+ 



area t (S) = - / tr to (Rict \Tx)dvol to 
t=t o Jt, 



= -- [ scal to dvol to - I sec^ (to) (TS)c/vol io < -^-area to (S) - / sec s dvo\ to 
1 Jt, Jt, 4 h) Jt 

< J- area t0 (£) - 2tt X (S) = ^-A(t ) - 4vr. 

Here, sec^^°^(TS) denotes the ambient sectional curvature of .M(to) tangential 
to S and sec^ denotes the interior sectional curvature of E. We conclude from 
this calculation that j^Mi^o^ 1 ' 4 ^ -1 ^-^) + 167r)) < in the barrier sense and 
hence, the quantity t 1 ^ 4 (t~ 1 A(t) + 16tt) is monotonically non-increasing in t away 
from the singular times. 

We will now show that A(t) is lower semi-continuous. We can restrict ourselves 
to the case in which t is a surgery time. Let tk /* t be a sequence converging 
to to an d choose minimal 2-spheres C M.(tk) with area ifc = A(tk). By 
property (5) of Definition 12.111 we find diffeomorphisms : A4(t k ) — >• Ai(t ) 
which are (1 + Xfc)-Lipschitz for Xk ->■ 0. So A(t ) < liminf fc _ >00 (l + Xk) 2 A(t k ) = 
lim infjfc-Kxj A(tfc). 

The lower semi-continuity implies that t 1 ^ 4 (t~ 1 A(t) + 167r) is monotonically non- 
increasing on [Ti, T 2 ]. The bound on T 2 follows from the fact that A(T 2 ) > 0. □ 
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The next Lemma estimates the evolution of the areas of minimal surfaces of 
higher genus which can have boundary. It describes two different kinds of behav- 
iors: First, it shows that the area of a minimal disk spanning a short geodesic loop 
of controlled geodesic curvature and speed, goes to zero in finite time. This fact 
is highlighted in part (a) of the Lemma and will be used in the proof of Theorem 
11.51 to exclude the long-time existence of short contractible loops as asserted in 
Proposition 18.41 Secondly, it demonstrates that the normalized area of a minimal 
surface of higher genus is asymptotically bounded by a constant which essentially 
only depends on its Euler characteristic. See part (b) of the Lemma for more 
details. We will use this asymptotic bound in the proof of Theorem II .51 to deduce 
the existence of filling surfaces of controlled area at large times. This will then 
enable use to apply Proposition 18.41 

Lemma 7.2. Let M. be a Ricci flow with surgery and precise cutoff and closed 
time-slices, defined on the time-interval [Ti,T2] (T2 > T\ > 0), assume that the 
surgeries are all trivial and that 7T2(A4(t)) = for all t G [T^Tg]. 

Let 7i j4 , . . . ,7 mi t C M.{t) be families of smoothly embedded, pairwise disjoint 
loops in Ai(t) parameterized by t G [Ti,T2], which move by isotopies in t and 
which don't meet surgery points. Let E be an orientable (not necessarily con- 
nected) surface none of whose components are spheres which has m boundary 
circles and let fa : E — > Ai(Ti) be an incompressible map (i.e. the induced 
map 7i"i(E) 7r 1 (A^(T 1 )) is injective) such that fa restricted to the boundary 
circles of E provides parameterizations of the loops 7i,Ti> • • • >7m,Ti- For every 
time t G [Ti,T2] denote by A(t) the infimum of the areas of all smooth maps 
f':Yi—¥M.(t) whose restriction to <9E parameterizes the loops 71^, . . . , 7 m ,t and 
for which there is a homotopy to fa in space-time which extends the isotopies 
given by the 7^. (In the case m = 0, this means that fa and f are homotopic.) 

Assume that there are constants T,a, b > such that for all t G [T 1; T 2 ] and 
i = 1, . . . , m 

(i) the geodesic curvatures along / ~fi^ t satisfy the bound |Ac(7t,$)| < Ti -1 , 

(ii) the normalized length 0/7^ satisfies the bound ^(7i,t) < at~ x l 2 , 
(Hi) the velocity by which 7^ moves satisfies the bound \dcji^\ < bt^ 1 ^ 2 . 
Then the quantity 



t 1 / 4 (r 1 A(t) + 4(27r X (E) 



ma(T + b))) 



is monotonically non-increasing on [Ti,T2]. 
In particular, 

(a) if ma{T + b) < 27rx(E) ; then 




(b) if the conditions even hold for [Ti,oo) instead o/ , [T 1 ,T 2 ] ; then 
limsupr 1 ^) < 4( - 2ttx(S) + ma(T + b)). 



Note that i/E is a torus, then this implies lim^oot 1 A{t) = 0. 
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Proof. In the case in which E has no boundary, the proof is almost the same as 
the proof of Lemma 17. 1[ We now have to make use of [SU2] or [ScYj and [Gul] 
to show that at every time t there is a representative ft : E — > M(t) in the 
homotopy class of / which minimizes area and which is an immersion. 

If E has a boundary we have to be more careful due to the existence of possible 
branch points. Let to £ Pi;^]- In the case in which E is a disk, we can use the 
results of |Morj to find a time-to area minimizing continuous map /:£—»■ M.(t ) 
with the following properties: / is homotopic to fa in the sense explained above 
(in fact all such maps are homotopic to one another in M.(t$) relative boundary) 
and / restricted to the boundary <9E represents a parameterization of 7. Then / 
is moreover smooth, conformal and harmonic on the interior of E (with respect 
to a conformal structure on E = D 2 ) and we have A(to) = area f*(g (to))- By 
combining the methods of |Mor] and |SU2] or |ScY] . it is possible to see that 
this construction also works in the case in which E has higher genus. Note that 
however in this case, the conformal structure on E is not unique and depends 
on the geometric setting. We use |HH] to conclude that / is smooth up to the 
boundary. 

Analogously to the proof of Lemma 17.11 we can carry out the first part of the 
computation of the infinitesimal change of the area of / as we vary the metric 
only: 



where sec M ^ to \df) denotes the sectional curvature in the normalized tangential 
direction of /. Observe that the last integrand is a continuous function on E 
since the volume form vanishes wherever this tangential sectional curvature is 
not defined. 

In order to avoid issues arising from possible branch points (especially on the 
boundary of E), we employ the following trick (compare with |Per3j ) : Fix a 
metric g' on E which represents the conformal structure with respect to which 
/ is conformal and harmonic. Let e > be a small constant and consider the 
Riemannian manifold (N £ = T,,sg'). The identity map h e : E — > (T,,eg') is 
a conformal and harmonic diffeomorphism and hence the map f e = (f,h E ) : 
E — > Ai(to) x N £ is a conformal and harmonic embedding. Denote its image by 
E e = / E (E). Since the sectional curvatures on the target manifold are bounded, 
we have 



d_ 

dt t=t 



area/*(s(t)) = - / tr f (Ric^ {to) ) 




lim 

£-S>0 




sec 



<M{ta)xN s 



(TE e )dvoh 



sec 



(df)dvol f * {g{to)) . 



We can now proceed as in the proof of Lemma [T7T[ using the fact that the interior 
sectional curvatures of E e are not larger than the corresponding ambient ones as 
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well as the Theorem of Gaufi-Bonnet: 
I sec ^(*o)x7v £(TSe)dvolto > f S ec E «(TE e )dvDl t0 = 27rx(S 6 )+ / K%d Sto . 

We now estimate the last integral. Let 7^ : S x (li ie ) —> <9£ £ , i = l,...,m be 
unit-speed parameterizations of the boundary of S £ . Denote by 7f^^°' ) (s) their 
component functions in Ai(t ) and by 7^?(s) those in iV e . Furthermore, let ^, e (s) 
be the outward-pointing unit-normal fields along 7i )E (s) which are tangent to E e . 
It is not difficult to see that due to conformality, the M. (t )-component of Wj, e (s) 

has the same length as the component of the velocity vector (jf^^)' (s) at that 
point. Hence, we can compute 



\ds\ds 



— 1/2 

The first integral is bounded by Tt /j £ and the second integral is bounded by 

|ft<9iv e |K^ e | which goes to zero as e — > 0. So passing to the limit e — > and using 

1/2 

^i,e — > Klto) < a V ) we hence obtain 
d_ 
dt 



area /*(<?(£)) < ^A{t ) - 2tt X (£) + maT. 
t=t 4t 



In order to bound the derivative of A(t) in the barrier sense, we have to account 
for the fact that the boundary curves move by isotopies. The maximal additional 
infinitesimal increase per boundary curve is then 



So in the barrier sense 
d 
~dt 

Thus 



Kli,t ) SU P \dSYi,to\ < ab. 



3 

A(t) < — A(to) - 2?rx(S) + maT + mob. 
t=t 4t 



A [^(f^t) + 4(2tt X (S) - ma(T + b)))] < 0. 

Analogously as in the proof of Lemma 17.11 we conclude that A(t) is lower 
semi-continuous. The desired monotonicity follows now immediately. The bound 
in assertion (a) follows again from the fact that A(T 2 ) > and assertion (b) is 
clear. □ 



7.2. Torus structures and torus collars. We will make use of the following 
terminology to describe the geometry of collar neighborhoods in an approximate 
sense. 
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Definition 7.3. Let a > 0. A subset P C M of a Riemannian manifold (M, g) is 
called torus structure of width < a if there is a diffeomorphism $ : T 2 x [0, 1] — > P 
such that diam$(T 2 x {s}) < a for all s G [0, 1]. The length of P is the distance 
between the two boundary components of P inside P. 

If h, r > 0, then we say that P is /i-precise (at scale r ) if it has width < hr 
and length > h~ 1 r . 

Obviously, every torus structure of width < a and length L\ can be shortened 
to a torus structure of width < a and length L 2 for any L 2 < L\. 

In the proof of Proposition 18. 2^ we will moreover make use of the following 
related notion: 

Definition 7.4. Consider a constant a> 0, a Riemannian manifold (M,g) and 
be a smoothly embedded solid torus S C M,S ~ S 1 x D 2 . We say that S has 
torus collars of width < a and length up to b, if for every point x G Int S with 
dist(x, dS) < b there is a set P C S which is diffeomorphic to T 2 x I such that: 
P is bounded by dS and another smoothly embedded 2-torus T C S with x G T 
and diamT < a. 

So if P C S (such that dS C dP) is a torus structure of width < a and length 
b, then 5" has torus collars of width < a and length up to b. 
We mention two conclusions which we will use frequently 

Lemma 7.5. Assume that S has torus collars of width < a and length up to b. 
Let x G Int S with dist(x, dS) < b — 2a and choose P C S according to Defintion 
[7^1 Then dist(x, dS) < diam P < dist(x, dS) + 4a. 

Proof. The first inequality is clear. For the second inequality consider a minimiz- 
ing geodesic 7 joining dS with x. By minimality, 7 C S and all points of 7 have 
distance < b — 2a from dS. Let y G P\ dS and assume that dist(?/, dS) < b. So 
there is an embedded 2-torus T 1 C S with diamT' < a and a set P' which is dif- 
feomorphic to T 2 x I and bounded by dS and T'. Then T' intersects either 7 or T. 
In the first case, dist(?/, 7) < a and in the second case dist(y, 7) < dist(?/, x) < 2a. 
So in fact dist(y, dS) < b. This implies that all points of P \ dS have distance 
less than b from dS and hence are not more than 2a away from 7. This implies 
the diameter bound. □ 

Lemma 7.6. Consider two subsets P\,Pi C M of a smooth Z-manifold which 
are diffeomorphic to T 2 x I. Assume that one boundary component, T 1; of Pi is 
contained in the interior of P<i and the other boundary component, T[, is disjoint 
from P2. Assume also that conversely one boundary component, T2, of P2 is 
contained in the interior of Pi and the other boundary component, T' 2 is disjoint 
from Pi . Then Pi U P2 is diffeomorphic to T 2 x I 

Proof. Observe that Pi \ P2 and P2 \ Pi are connected. Consider the sequence of 
maps which are induced by inclusion 

iii{T[) — > m(Pi \ P 2 ) m(Pi) m(Pi u P 2 ). 
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The composition of the first two maps, vri(T 1 / ) — > 7Ti(Pi), is an isomorphism and 
since Pi \ P2 is a deformation retract of P\ U P2, the composition of the last 
two maps, 7Ti(Pi \ P2) — > 7Ti(Pi U P2), is also an isomorphism. So all maps are 
isomorphisms. In particular vri(T{) — >■ 7Ti(Pi U P2) and hence also vri(Ti) — )■ 
7Ti(Pi U P2) are isomorphisms. We thus conclude that T\ is incompressible in P 2 . 

By elementary 3-manifold topology (see e.g. the proof of |HatI Proposition 
1.7]), this implies that P 2 \ P x » T 2 x [0, 1) and hence P x U P 2 = (P 2 \ Pi) UP^ 
T 2 x J. □ 

The next Lemma asserts that under the presence of a curvature bound, we can 
find a torus structure of small width around a cross-section of small diameter 
inside a given torus structure. This fact will be used in the proof of Proposition 
18.31 In the subsequent Lemma [7.81 we show that such a small cross-section exists 
if we can find two short loops which represent linearly independent homotopy 
classes inside the torus structure. 

Lemma 7.7. For any K < 00, L < 00 and h > there is a constant < v = 
u(K, L, h) < 1 such that: 

Let (M, g) be a complete Riemannian manifold and consider a torus structure 
P' C M of width < 1 and assume that |Rm| < K on P' . Consider a subset T C P' 
(e.g. a cross-sectional torus) which separates the two boundary components of P' 
and which has distance > \L + 30 from the boundary components of P' and 
assume that diamT < v. 

Then there is a torus structure P C P' of width < h and length > L such 
that T C P' and such that the pair (P', P) is diffeomorphic to (T 2 x [—2, 2], T 2 x 

[-1,1])- 

Proof. By chopping off P', we first construct a torus structure P[ C P' of width 
< 1 and length < L + 100 such that the boundary tori of P[ have distance at least 
5 from the boundary tori of P' and such that T has distance of at least \L + 20 
from dP[. Then still T C P[. Choose points z x ,z 2 G dP[ in each boundary 
component of P[ and let 7 C M be a minimizing geodesic from z x to z 2 . Then 
7 C P' and 7 intersects T in a point z. 

By the same construction as above, we choose P' 2 C P[ such that the boundary 
tori of P2 have distance at least 5 from the boundary tori of P[ and such that T 
has distance of at least \L + 10 from dP' 2 - We still have T C P2. Let now x E P 2 
be an arbitrary point. Consider minimizing geodesies 71, 72 C M from x to z\, z 2 - 
Then again 71,72 C P' and one of these geodesies have to intersect T, without 
loss of generality assume that this geodesic is 71 and choose a point x\ G 7 PI T. 
Let yi G 7 be a point with dist(zi, y±) = dist(;zi, x) (we can find such a point since 
dist(,2i, a;) < dist(zi, z 2 )). We now apply Toponogov's Theorem using the lower 
sectional curvature bound —K: Observe that dist(zi, 37), dist^i, z) < L + 100 
and dist(xi,2;) < v. So the comparison angle (3 = <Xiz x z (in the model space 
of constant sectional curvature — K) is bounded by a quantity (3 = (3 (u,L,K) 
which goes to zero in v whenever L and K are kept fixed. By Toponogov's 
Theorem, we have <xz x yi < (3 < (3 and since the comparison triangle Axz%yi is 
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isosceles and the lengths of the hinges are bounded by L + 100, we conclude that 
dist(x, yi) < L, K), where f3i(v, L, K) is a quantity which goes to zero in v 
if L and K are kept fixed. This implies in particular that 

dist(,2i, z 2 ) < dist(zi, x) + dist(z2, x) < dist(^i, z 2 ) + 2f3i(u, L, K). 

Hence, if v is small enough depending on L and K, then we have the following 
bound for the comparison angle at x: 

<z l xz 2 > 0.9vr. (7.1) 

For the rest of the proof, fix such a?>0 for which also L, K) < O.lh. 

By (17. II) the function p : Int P' 2 — > M, p(x) = dist(;2i, x) is regular in a uniform 
sense and hence we can find a unit vector field \ on Int P 2 such that the directional 
derivative of p is uniformly positive everywhere, i.e. \ ■ p > c > 0. We can 
moreover choose a smoothing p' of p with \p — p'\ < O.lh and x~p' > everywhere 
(compare with [GSJ and |Mey| ). Let P = {p')~ l (I) be the preimage of a closed 
subinterval / C p'{P 2 ) whose endpoints have distance 3 from the endpoints of 
p'(P 2 ). This implies that the preimage P = (p') _1 (^) °f ever y point t 6 / is far 
enough from the boundary of P' 2 and hence is compact. Then in particular T C P. 
So P w E x /, for some connected, closed surface £ and p' is the projection onto 
the second factor. Since T C P, it follows that that ^(E) contains a subgroup 
isomorphic to Z 2 which implies that E rj T 2 . 

We now estimate the diameter of (p') _1 (t) for each t G /. Let again x & P and 
consider as above the geodesies 71, 72 as well as the point 1/167 with dist(,2i, yi) = 
dist(zi, x) = p(x). Additionally, we construct y 2 G 7 with dist(^2, 2/2) = dist(,22, x). 
Then dist(?/i, y 2 ) < 0.2/i. In the case in which 71 intersects T, we conclude as 
above that dist(x, y\) < O.lh. Analogously, if 72 intersects T, we have dist(x, y 2 ) < 
O.lh and hence dist(x, y\) < 0.3h. Let y' G 7 now be a point with dist(,2i, ?/) = 
p'(a;). Then dist(y',yi) < \p(x) — p'(x)\ < O.lh and hence dist(y',x) < OAh. This 
implies that diam(p') _1 (t) < 0.8/i < h for all t G /. So P has width < h. 

Finally, we bound the length of P from below. Consider points x\,x 2 G dP in 
each boundary component and let y[,y' 2 G 7 be points with dist^i, y[) = p'(xi) 
and dist^i, y' 2 ) = p'(x 2 ). Then by the last paragraph 

dist(a7, x 2 ) > dist(y[,y' 2 ) - 2 ■ OAh = \p'{x x ) -p'(x 2 )\ - 0.8h 

= i(p'(P 2 )) - 2 ■ 3 - 0.8h > i(p(P 2 )) -6-h. 

where £{p{P 2 )) denotes the length of the interval p{P 2 ). By assumption p(P 2 ) > 
2(|L + 10) = L + 20. So dist(xi,x 2 ) > L + 14 - h > L for h < 1. This implies 
that P has length > L. □ 

Lemma 7.8. For every K < oo i/iere zs a constant E\ = £\{K) > such that: 
Let (M, g) a complete Riemannian manifold with boundary which is diffeomorphic 
to T 2 x I and p G M such that B(p, 1) C M \ DM. Assume that |Rm| < K 
and assume that there are loops 71,72 based in p which represent two linearly 
independent homotopy classes in 7Ti(M) = Z 2 . Then if m = max{£(7!), ^(72)} < 
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Si, there is an embedded incompressible torus T C M which separates the two 
ends of M such that p G T and diamT < 10m. 

Proof. By a local version of the results of Cheeger, Fukaya and Gromov |iCFGJ, 
there are universal constants p = p{K) > 0, k < oo such that we can find an 
open neighborhood B(p, p) C V C M and a metric g' on V with 0.9g < g' < l.lg 
with the following properties: There is a Lie group H with at most k connected 
components whose identity component N is nilpotent and which acts isometrically 
and effectively on the universal cover (V,g'). The fundamental group A = 7Ti(V) 
can be embedded into H such the action of H on (V, g') restricted to A is the 
action by deck transformations. Moreover, H is generated by A and N. Lastly, 
the injectivity radius of ( V, g') at any lift p of p is larger than p. 

Consider the dimension d of the orbit T of a lift p under the action of N. Since 
V has to be non-compact, we have d < 2. On the other hand, assuming E\ < p, 
the loops 71,72 generate an infinite subgroup in A = ni(V) which does not have 
a finite index subgroup isomorphic to Z. So d — 2. Since N fl A is nilpotent and 
acts discontinuously on T, we have N fl A = Z 2 and all orbits of the A^-action are 
2 dimensional. Consider the cover n : (V, g 1 ) — > (V, g') corresponding to N fl A. 
Then V ~ T 2 x (0, 1) and V — > V has at most two sheets. The action of A^ on 
( V, g') exhibits ( V, g 1 ) as a warped product of a flat torus over an interval. We can 
find loops 7i,72 based at a lift p of p each of which have ^'-length < 2(l.l) 1/,2 m. 
This implies that the T 2 -orbit T of p under A^ has (/'-diameter < 4 ■ l.l 1//2 m. Let 
T = 7r(T) be the projection of T. Then diam g T < 4 • l.l 1 ' 2 • 0.9" 1 / 2 ?™ < 10m and 
7r restricted to T induces a map / : T 2 — > M with f(T 2 ) = T which has at most 
two sheets. 

We show that the intersection number of / with the line {pt} x/c M ~ T 2 x J 
is non-zero: Consider the composition of / with the projection M»T 2 x/-^T 2 . 
This is a smooth and incompressible map of the form T 2 — > T 2 . Hence, its degree 
is non-zero which is equal to the sought intersection number. We conclude that 
T C M is a 2-torus which separates the two boundary components of M. □ 

The next Lemma will be used in the proof of Lemma 17.121 

Lemma 7.9. For every K < oo, there are constants £2 = ^(K) > and V = 
T'(K) < 00 such that the following holds: 

Let (M,g) a 2-dimensional, orientable Riemannian manifold with and p G M 
a point such that the 1-ball around x is relatively compact in M . Assume that 
|Rm| < K on M and assume that there is a loop 7 : S 1 — > M based in p which is 
non-contractible in M and has length £(7) < 62- Then there is an embedded loop 
7' C M which is also based in p, homotopic to 7 and which satisfies the following 
properties: < 2^(7) and the geodesic curvatures of 7' are bounded by V . 

Proof. Similarly as in the proof of Lemma 17.81 there is a universal constant p = 
p{K) > such that we can find a neighborhood B(p,p) cVcM and a metric 
g' on V with 0.9g < g' < l.lg such that the same conditions as above hold. 
Note that g' can moreover be chosen such that | V — V'| < 0.1 and such that the 
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curvature of g' is bounded by a universal constant K' = K'{K) < oo (see |CFG| ). 
Hence, it suffices to construct loop 7' with ig'ij 1 ) < 1.5£ g >(j) and on which the 
geodesic curvatures with respect to g' are bounded. 

As in the proof of Lemma 17.81 we conclude that either (V, g') is a flat torus 
(in which case the Lemma is clear), or all orbits under the action of N on the 
universal cover ( V, g') of (V, g') are 1 dimensional. In the latter case, this implies 
that A G N and (V,g') is a warped product of a circle over an interval (—a,b) 
with a,b > 0.9p (we assume that p lies in the fiber over G (—a, b)). Let 
ip : (—a, b) —> (0, 00) be the warping function. By the curvature bound on g' we 
have |y/'<^ _1 | < K' on (—a, b). This implies a bound |y/<^ _1 | < C = C(K') on 
(— |a, \b). Hence the geodesic curvature on the circle 7' through p is bounded by 
C and for sufficiently small ^'(7) we have ^(7') < 1.5^/(7). □ 

7.3. Existence of short loops. In this subsection we establish the existence of 
short geodesic loops on surfaces of large diameter, but controlled area. The main 
result of this subsection, Lemma I7.12| will be used in the proof of Propositions 
18.31 and 18.41 In the proof of Proposition 18.31 it will enable us to apply Lemmas 
17.71 and 17.81 and hence to find torus structures of small width. 




Lemma 7.10. Let E be a topological annulus and let g be a symmetric non- 
negative 2-form on T< (i.e. a possibly degenerate Riemannian metric). Assume 
that with respect to g any smooth curve connecting the two boundary components 
of E has length > a and every embedded, closed loop of non-zero winding number 
in E has length > b. Then areaE > ab. 

Proof. Let g' be an arbitrary metric on E. If the Lemma is true for g + eg' for all 
e > 0, then we obtain the result for g by letting e — > 0. So we can assume in the 
following that g is a Riemannian metric. 

We can furthermore assume that E = A(r±, r 2 ) C C with < r\ < r 2 < 00 and 
that g = r~ 2 f 2 (r,6)g euc \ for polar coordinates (r,8). By assumption, we have 





r f(r, 6)dr > a 



for all 



9 e [0, 2tt] 



and 




for all 



r e (ri,r 2 ). 



Hence 




and 




r~ 1 f( y r,9)d9dr > b 
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So 

-2lT pT2 \ 2 



2vra6 log (^j < ^ jf jf * r _1 /(r, 0)drd0^ 

jf jf 2 r- l f{r,6)drdd S j ^jf jf " r^drd^j = 27r(area E) log ^ □ 



Lemma 7.11. Let E 6e a closed topological multi-annulus which is bounded by 



circles Cq, . . . , C m . ^4s m Lemma 7.10 consider a symmetric non-negative 2-form 
g on E. Lei moreover wi, . . . , w m Gl fc weights with W\ + . . . + w n ^ 0. 
Assume now that the distance of Cq to any C^ (k = 1, . . . ,m) is > a and every 
embedded closed loop 7 C E which encloses boundary circles C/^, . . . , , with 
Wk x + . . . + Wfc , 7^ /ias length £(7) > 6. Distances and lengths are measured 
with respect to g. Then E > ab. 

Proof. We will proceed by induction on m. The Claim follows from Lemma 17. 101 
for m — 1. So assume m > 2. 

Let ai be the supremum of all a' > such that all boundary circles Ci, . . . , C TO 
are contained in the same component of the set {x G S : dist(x,C ) > a'}. Let 
£ > and consider the multi-annulus E x = {x e S : dist(x,C ) < a 1 — e}. 
The complement of its closure in S consists of one component which contains 
all boundary circles C±, . . . ,C m plus components which are topologically open 
disks. Let S 2 be the union of the closure of Si with those open disks. So Si 
is an annulus and its boundary components of S2 are at least a\ — e away from 
each other. Moreover, every non-contractible circle in S2 encloses all boundary 
components Ci, . . . , C m and hence has length > b. So by Lemma 17.101 we have 
areaS 2 > (a x — e)b. In the case a\ > a, the claim follows by letting e go to 0. So 
assume in the following that a\ < a, and assume e is so small that a x + 2e < a. 

Let S 3 be a connected component of {x G S : dist(x, C ) > a\ + e} with the 
property that the weights corresponding to the boundary circles , • • • , Ck m , 
that it contains don't add up to zero, i.e. + . . . + Wk m , 7^ 0. By assumption 
this is always possible and by the choice of a\ we have ml < m. Since S \ S 3 
is connected, we conclude that S 3 has exactly one open end. Choose a closed 
multi-annulus S 4 C S 3 which is still bounded by the circles , . . . , Ck m , and a 
circle C which approximates this open end such that dist(x,C*o) < ai + 2e for 
all x G Cq. So the distance of C' Q to any of the circles C^, ■ ■ ■ , Ck n , is at least 
a — ax — 2e. By induction, this implies areaS 4 > (a — ai — 2e). 

Hence area S > area S2 + area S4 > (ai — e)b + (a — a\ — 2e)b = (a — 3e)b. The 
claim follows by letting e go to 0. □ 

Lemma 7.12. For every a > and every A, K < 00 there are constants Lq = 
L (a, A) < 00 and 5 = So (if) > 0, T = T(K) < 00 such that: 
Let (M, g) be a closed, irreducible Riemannian manifold which is not a spherical 
space form and consider a decomposition M = M^ yp U Ms e if along embedded, 
incompressible 2-tori such that M Seif is graph (see Definition ] 
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Consider a smoothly embedded solid torus S C Int Ms e if (S ~ S 1 x D 2 ) which is 
incompressible in M. Assume that there is a Seifert decomposition of Ms e n such 
that one of its generic Seifert fibers is contained and non-contractible in S . 

Let P C S be a torus structure of width < 1 and length L > L with dS C dP 
(i.e. the pair (S,lntS\ Int P) is diffeomorphic to (S 1 x D 2 {l),S l x D 2 (\))). 
Moreover assume that we have the curvature derivative bound |Rm| < K on P. 

Finally, let f : £ — > M a filling surface for the pair (Mh yp , Ms e if) (in the sense 
of Definition \l-4\ ) of area area f < A. 

Then there is a closed loop 7 C P which is non-contractible in P, but con- 
tractible in S. It has length £(7) < a, its distance from dP is at least \L — 2 and 
it spans a disk D C M of area < A. Moreover if a < 5o and if we also have the 
bound |VRm| < K on P , then we can choose 7 such that its geodesic curvatures 
are bounded by V . 

Proof. Assume that without loss of generality a < 0.1 and set 

~ A 
L (a,A) = 12- + 6. 

a 

We divide P into three torus structures P%, P2, P3 of width < 1 and length > 3P— 1 
in such a way that: OS C dP\ and Pk shares a boundary with Pk+i- For later 
use, we set 

S 1 = S, S 2 = Int S \ Int Pi « S 1 x D 2 , S 3 = Int S \ Int (Pi U P 2 ). 

Moreover, let cr c S \ P be an embedded loop which generates ni(S) = Z. By 
Definition ll.4[ there is a component S C S such that every map /' : S — > 
M, which is homotopic to f\^ : S — > M relative boundary, intersects a and 
moreover, there is no loop 7' : S 1 — > S for which / o 7' : S 1 — > M is homotopic 
in M to a non-zero multiple of a. Let e > be a small constant that we will 
determine later (e may depend on M and g). We can find a small homotopic 
perturbation f : S — > M of / : S — > M with /bldEo = /|se which is not more 
than e away from / such that the following holds: /o is transverse to dP 2 and its 
area is still bounded: area fo < A. 

We will first find a disk of bounded area whose boundary lies in (95*2 and 
which has non-zero intersection number with a. Consider for this all components 
Qi, . . . , Q p of fQ 1 (S 2 ) C So- By the choice of S we have p > 0. For every j = 
1, . . . ,p and every topological disk DcE \ Int Qj, the loop fo\dD is contractible 
in M and hence also in S2 (since 5*2 is incompressible in M). So we can find 
a map fo '■ D — > S 2 whose image is contained in S 2 and which agrees with 
fo on dD. Since 7r 2 (M) = (see Proposition 13 .3[) . the maps /o|d and fo are 
homotopic. Let Q^- be the union of Qj with all open topological disks of E \ Qj. 
Our discussion has shown that we can homotope fo to a map fj : Hq — > M 
relative boundary such that /oIq^ — /j'Iqj an d f(Qj) c 5* 2 . We now show that 
is a disk: Assume not. By construction, E \ Q'- does not contain any topological 
disk and hence each boundary circle of Q'j is incompressible in Eo- This implies 
that 7Tx(Qj) — > 7Ti(E ) is injective and so, since fj is incompressible, also the 
induced map tti(Qj) — > iri(S 2 ) — Z is injective. So Q'j can only be a disk (in 
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contradiction to our assumption) or an annulus and if it is an annulus, then fo 
restricted to either of its boundary circles needs to be non-contractible in S2. But 
this contradicts the choice of So- So Q'j is in fact a disk for all j = 1, . . . ,p. It 
remains to show that f restricted to one of the disks Q[, . . . , Q' p has non-trivial 
intersection number with a. Observe that two such disks are either disjoint or 
one disk is contained in the other. So without loss of generality, we can assume 
that Qi,...,Q p are arranged in such a way that there is a p' < p such that 
Q[, . . . , Q' p , are pairwise disjoint and Q' x U . . . U Q' p C Q[ U . . . U Q' pl . It is easy 
to see that if f restricted to Q'j has zero intersection number with cr, then fo\Q'. 
(being homotopic to /j|q^) can be homotoped relative boundary into dSj. So if 
/o restricted to any of the disks Q[, . . . , Q ' , has intersection number zero with a, 
then /o can be homotoped away from a completely, contradicting the choice of 

For the rest of the proof choose j = 1, . . . ,p such that fo restricted to the 
closed disk Q'j has non-zero intersection number with a and such that Q'j is 
chosen minimal with this property, i.e. for every other Q'j, C Q'j the intersection 
number of fo restricted to Q'j, with a is zero. Let Co = dQ'j and consider the 
multi-annulus of Q" = Q'j \ / " 1 (Int5 , 3) which is bounded by C . Call its other 
boundary circles Ci, . . . , C q C dQ" . Then fo(C ) has distance of at least — 1 
to each fo(Ci), I = 1, . . . , q. For every I = 1, . . . q define the weight wi of C\ to be 
the intersection number of / restricted to the disk which is bounded by Ci with 
a. Observe that by the choice of j, the intersection number of /o|q'. with a is 
W\ + . . . + w q 7^ 0. We now apply Lemma 17. Ill to find an embedded loop 7' C Q" 
of length 

A A 

KfoW) < — T — 7 < T? — 7 < \ a 

which encloses boundary circles C\ whose weights w\ don't add up to zero. Denote 
by D' C Q" the disk which is bounded by 7'. Then fo restricted to D' has non- 
zero intersection number with a. We now argue that 7' D fo (S2) — 7' H (Qi U 
. . . U Qp) 7^ 0: If not, then 7' is contained in an open topological disk of Q'j \ Qj 
and f ~ 1 (S2) H D' is contained in the disjoint union of some of the Q[, . . . , Q' p 
which are contained in Q'j. However, by the choice of j, this implies that f 
restricted to D' has intersection number zero with a which is a contradiction. So 
7' in fact intersects f ~ 1 (S2) and hence by the shortness of its length under / , 
we conclude that fo(j') C P and that fo(Y) has distance > |L — 1.1 from dP. 
Since /o|y is contractible in M (via /o|d')> it is also contractible in S. Moreover, 
fo\y is non-contractible in P for the following reason: If not then there is a 
nullhomotopy f : D' —> P with f'\y = /o|y. Since 7r 2 (M) = 0, the maps /' and 
fo\o' are homotopic relative boundary, which is impossible since their intersection 
numbers with a are different. Hence, 7 = /o(7') satisfies the first part of the claim. 

We now consider the case in which a < «o for some 5o = qcq(K) that we will 
determine in the course of the proof and we will construct a curve 7 C P on 
which the geodesic curvature can be bounded by a constant depending only on 
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K. For the rest of the proof we assume without loss of generality that / is area 
minimizing amongst all maps /' : So — > M which are homotopic to / relative 
boundary. So, / parameterizes a stable minimal surface on Int So- By |Gul] . / is 
an immersion on Int So- So we can additionally assume that the perturbation fo 
is a graph over /. 

Consider the following regions: Let B(P 2 ,1) and B(P 2 ,2) be the (open) 1 
and 2-tubular neighborhoods of P 2 and let Ei and E 2 be the components of 
fo l (B(P 2 , 1)) and f \B(P 2 ,2)) which contain 7', i.e. 7' C Sj C E 2 . Moreover, 
B(P 2 , 2) C P and every point of B(P 2 ,2) has distance of at least 1 from dP. 
By the results of |Sch] . we obtain a bound on the second fundamental form of 
/(Ei) which only depends on K: lUffa)] < K'(K). Since fo was assumed to be 
a graph over /(E), we conclude that 

£(/| y ) < 2£(f \ jf ) < \a 

if e is small enough depending on these bounds. Moreover, this bound and the 
bound on the curvature on B(P 2 , 1) yields a curvature bound K" = K"{K) < 
00 of the metric f*(g) on Ex which only depends on K. The loop 7' is non- 
contractible in Ei, because otherwise / |y would be contractible in P. So we can 
apply Lemma I7U1 to conclude that if 5 < s 2 (K"), then there is a loop 7" C E x 
which intersects 7', is homotopic to 7' in Ei and has the following properties: 
£(f\ r ) < 2£(f\ y) < a and the geodesic curvature on 7" in Ei is bounded by 
T'(K"). Obviously, 7" bounds a disk in E whose area under / is bounded by 
A. Let now 7 = fi'j")- Then the geodesic curvature on 7 in M is bounded by 
some constant T = T(K) < 00 which can be computed in terms of T'(K") and 
K'{K). □ 

8. The main argument 

8.1. The geometry on late, but short time-intervals. Using the tools from 
section |6l we will give a bound on the curvature and the geometry in certain areas 
of the manifold on a time-interval of small, but uniform size. This description is 
achieved in three steps, the last step being Proposition 18.31 

In the first step, we bound the curvature by a uniform constant away from some 
embedded solid tori. Inside those solid tori, but in controlled distance to their 
boundary, we will establish a curvature bound which however deteriorates with 
the distance. We will also give an approximate characterization of the geometry 
inside those regions of controlled distance. 

Lemma 8.1 (first step). There are a continuous function 8 : [0, 00) — > (0, 00) and 
constants K\ < 00 and n, w, w # , /i # > as well as continuous, non- decreasing 
functions Ai,K[ : (0, 00) — > (0, 00) with Ai(d) — > 00 as d — >■ 00 and a non- 
increasing functions t[ : (0, 00) — > (0, 00) such that the following holds: 
For every L < 00 and v > there are constants T\ = 7i(L) < 00, W\ = 
Wi(L, v) > such that: 

Let M. be a Ricci flow with surgery on the time-interval [0, 00) with normalized 
initial conditions which is performed by 8 {t) -precise cutoff. Consider the constant 
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To < oo and the function w : [To, oo) — > (0, oo) from Proposition \4-15\ Assume 
that to = Tq > max{Ti,2To} and that w(t) < w\ for all t G [|to,to]- Assume 
moreover that all components of M.{t$) are irreducible and not diffeomorphic to 
spherical space forms and that all surgeries on the time-interval [|to,to] o,re trivial. 
Let U C Ai(t ) be a subset with either U = A4(t ) or 

— U is a smoothly embedded solid torus (fa S 1 x D 2 ). 

— There is a closed subset U' C U which is diffeomorphic to T 2 x I with 
dU C dU' whose boundary components have time-to distance of at least 
2r and a fibration p : U —> I such that the T 2 -fiber through every x G U' 
has time-to diameter < /i # p ro (a;, to). 

— All points of dU are w^-good at scale ro and time to- 
Then there are sub-Ricci flows with surgery Si, ... , S m C M on the time-interval 
[(1 — Ti)to,t ] such that their final time-slices Si (to) 5 • • • > S m (to) form a collection 
pairwise disjoint, incompressible solid tori (fa S 1 x D 2 ) in Int U . Moreover, there 
are subsubets Wi C Sj(to) (i = 1, . . . , m) such that for all % — 1, . . . , m 

(a) The pair (#(*<)), Wi) is diffeomorphic to (S 1 x D 2 (1),S X x D 2 {\)). 

(b) For allx eU with dist^ac, U \ (Si(t ) U . . . U S m (t ))) < 100r , the point 
(x, t ) survives until time (1 — r^to and for all t G [(1 — Ti)t , t ] we have 

|Rm|(x,t) < K^q 1 . 

(c) We have diam to Sj(to) > 100r and if diam to Sj(t ) < Tro, then we have 
the curvature bound 

\Rm t \ < K'^rQ 1 di&m to Siito))^ 1 on Sj(t) 

for all t e [(1 - 7i(r " 1 diam to Si(to))t ,to\. 

Furthermore, Si is non-singular on the time-interval [(1 — ^(r^ 1 diam to Si 

(to))t ,t ]. 

(d) For allt £ [(1 — ri)t ,to] we have 

diam t Si(t) > min {A^r^ 1 diam io Sj(t )), L}r . 

(e) At time to, the closure of Sj(to) \ Wi is a torus structure of width < r 
and length 

disti (<9Si(t ), dWi) = min { diam to Sj(t ) - 2r , Lr }. 

(f) All points of Sj(t ) \ PVj are locally To-good at scale r and time t . 

(^j Tor every point x G Sj(to) \ Wj, t/iere a loop o C A^(to) which is based 
at x, which is incompressible in A4(to) and which has length ^i (cr) < z/r . 
(h) In the case in which U = Ai(to), we have for all t G [(1 — 7"i)to,to]-' 

— There is a closed subset U' it C S%(t) which is diffeomorphic to T 2 x I 
with dSi{t) C dU' it whose boundary components have time-t distance 
of at least 1\/t and a fibration p itt such that the T 2 -fiber through every 
x G U' it has time-t diameter < /i # p v ^(x, t). 

— The points on OSi are w*-good at scale yt and time t. 
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Proof. Observe that it suffices to construct such functions Ai and K[ which satisfy 
all the claimed properties except for continuity, since all properties stay true after 
decreasing the values of Ai and increasing the values of K[. 

The function S(t) will be assumed to be bounded by the corresponding functions 
from Corollary 14.31 and Propositions I4.15[ 16. 4[ 16. 5[ 16.61 and 16.71 We also set 

p* = min{wo(min{/ii, ^},r(-, l),K 2 (-, l)),m, 

where Wq is the constant from Proposition 15. 1[ fi\ is the constant from Lemma 
15.21 and f, K% are the functions from Corollary 14.31 If U = Ai(to), then we set 
jj° = /i # and if U is a solid torus, we set p° = min{//i, -^}. 

Next, we make a remark on the constant It appears in the conditions of 
the Lemma in the case in which U is a solid torus and in assertion (h) which holds 
in the case U = Ai(to). In the following proof, both of these cases will be dealt 
with simultaneously. In the case in which U = Ai(to), the constant will be 
determined and will never be used. In the case in which U is a solid torus, u># will 
be assumed to be given and all universal constants, that are determined in this 
case, may depend on it. Note that this does not create a circular argument since 
one could carry out the following proof first for the case U = A4(t ), obtaining a 
set of constants and functions 

K 1 ,t 1 ,w,A 1 ,K' 1 ,t[,T 1 ,w 1 (8.1) 

as well as w# and then one could carry out the proof again in the case in which 
U is a solid torus, obtaining another set of constants and functions as listed in 
( 18. ip . The final set of constants and functions will then be the minima of the two 
values obtained for each n, w, Ax, t[, 7\, W\ in each case and the maxima of the 
two values obtained for each K\, K[, T\ in each case. 

We now carry out the main argument. Apply Proposition 14.151 to obtain a 
decomposition M.(t) = A^thick(^) U Mmn(t) for all t G [|to,^o]- Consider for 
a moment the case in which U is a solid torus. Since U cannot contain any 
incompressible torus, none of the boundary tori of A^thick(^o) can be contained 
in U. Let T 1 C U' be a T 2 -fiber of p with dist to (dU,T') = r Q . Then diam to T" < 
/•f*?"o < Jo r o- Assuming w(t ) < i, every component of clM thick (^o) nas diameter 
< ^r (see Proposition 14.15( b)). This implies that if T' fl Aimckito) ^ 0, then 
U is contained in the 2r -tubular neighborhood of thick (^o)- in this case we 
have a curvature bound on U on a small time-interval with final time to (see 
Proposition 14.15( c) and (d)) and we are done by setting m — 0. On the other 
hand, if V D A^thick(^o) = then U is contained in the 2r -tubular neighborhood 
of -Mthin(^o)- We will assume from now on that in case in which U is a solid torus, 
U is contained in a 2ro-tubular neighborhood of A^thin(^o)- 

We will now apply Proposition 15.11 with \i <— Observe for this that next 
to each component of <9A4 thick (^o) there is a torus structure of width < 10(t )^o 
and length 2r inside -Mthick(^o)- In the case in which U = Ai(t ) let M' be the 
union of A^thin(^o) with these torus structures. If U is a solid torus, let M' = U. 
So either by the assumption of the Lemma or by Proposition 14.151 for sufficiently 
small w(t ), condition (i) of Proposition 15.11 is satisfied. Condition (ii) follows 
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from Proposition 14.15( e) assuming w(to) < minj^u^Ai , r(-, 1)> K 2 {-, 1)), j^}. 
Condition (iii) is a consequence of Corollary 14.31 if t > 7^^Wo(p°, r(-, 1), K 2 {-, 
1)), 1,2). Note that we can assume that T j^^j is monotone in the first parame- 
ter. Now look at the conclusions of Proposition 15.11 We first consider the case 
in which a component M" of M' is diffeomorphic to an infra-nilmanifold or a 
manifold which carries a metric of non-negative sectional curvature and we have 
diam to M" < p°p ro (x,to) for all x G M" . By the assumptions of the Lemma, 
M" is not a spherical space form or a quotient of S 1 x S 2 , so it is either an 
infra-nilmanifold or a quotient of T 3 . By Lemma l5.2( v). all points in M" are 
Wi(/i°)-good at scale r and time t . Thus for large t we obtain a curvature 
bound on all of M" at time to and slightly before by Proposition 16.41 For the 
rest of the proof, we can exclude these components from M' and assume that we 
we have a decomposition M' — V% U V 2 U V 2 satisfying the properties (al)-(c6) of 
Proposition 15.11 

Next, we apply the discussion of subsection 15 .31 — in particular Proposition 15 . 91 — 
to this decomposition. Consider the set Q C M' that we obtained there in 
Definition 15.31 

Claim 1. There are universal constants w*,w{*,0£\ > and K^,T* < oo such 
that if t > max-fT^, 2T } and w(t) < w\ for all t G [^t , t ], then 

|Rm| < K{to 1 on P(x, t , 2r , -{a\rof) for all x G Q U Althick(to) U dU 

where the parabolic neighbhorhood P(x, t , r , — (a*r ) 2 ) is always non-singular. 
Moreover, all points of Q U dU are w[* -good at scale r and time to- 
Proof. If x G Q, then x is Wi(yU°)-good at scale r and time t by Lemma I5T21 
If x G then x is w # -good at scale r and time t - So in these cases, the 
curvature bound follows from Proposition 16.51 for sufficiently large t and small 
w(t ). If x G A^thick(^o); then the curvature bound is a direct consequence of 
Proposition I4.15t d). □ 

Now consider the set Q' D Q as in Definition 15.71 In the next claim, we extend 
the curvature control onto Q' . Recall that dQ' C dQ U dU. 

Claim 2. There are constants w 2 ,a 2 > and K^T^ < oo such that: If to > 
max{T 2 *, 2T } and w(t) < w 2 for all t G [|to)*o]j then 

|Rm| < 1 on P(x, t , a* 2 r , -{a* 2 r Q ) 2 ) for all x G Q' U A^ thick (to) U dU 
where the parabolic neighborhood P(x,to,a 2 ro, — (ct^o) 2 ) is always non-singular. 

Proof. We only need to consider the case in which x G Q \ Q' and distf (x, dQ U 
dU) > Tq. Let N be the component of Q' \ Q which contains x. Then dN C <9<? U 
and to, p ro (x, to)) C AT. So we can apply Lemma l5~2T ii) and (iv) to con- 
clude that for any x G iV in the universal cover of iV we have vol to B(x, to, p ro (x, to)) 
> Wi(p o )Pr (x,t ). This implies that x is cu>i(/z°)-good at any scale r < r rela- 
tively to iV (here c > is the constant from subsection 16.11) . 

Since all points in dN survive until time (1 — (a*) 2 )to and all surgeries on 
[|to,*o] are trivial, we can extend iV to a sub-Ricci flow with surgery N' C M. 
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on the time-interval [(1 — (al) 2 )to, to}. We now apply Proposition 16.61 for tq 
min{a^, (Kl)~ 1 / 2 }r , U N' and w <— cw to obtain the desired curvature bound 
for sufficiently large t . □ 

Next, we find a curvature estimate in controlled distance to Q' which however 
deteriorates with larger distances. 

Claim 3. For every A < oo there are constants w\ = w%(A), a% = 0.3(A) > and 
K$ = K£(A),7% = T 3 *(A) < 00 such that if to > max{T 3 *,2T } and w(t) < w% 
for all t G [^0)*o]? then 

|Rm| < K^t 1 on P(x, t , Ar , -(a* 3 r ) 2 ) for all x G Q' U -M th ick(*o) U dU 
where the parabolic neighborhoods P(x, to,Aro, — (a^ro) 2 ) are non-singular. 

Proof. The case x G Q' U dU can be reduced to the case x G dQ' C dQ U dU. So 
in this case the claim follows immediately from Proposition 16.51 for A «— A + 1 
together with distance distortion, Claim 1. The case x G A^thick(^o) follows 
directly from Proposition 14. 15( d). □ 

Now consider the sets Q" C Q' and S" C M' as introduced in Proposition 15.91 
Recall that S" is a disjoint union of smoothly embedded solid tori. The next 
claim is rather geometric. It ensures that there are no components of V2 outside 
of Q" in controlled distance to Q" if w(t) is assumed to be sufficiently small. 

Claim 4. For every A < 00 there is aw\ = w\(A) > and a T£ = T£(A) < 00 
such that if to > max{T4,2To} and w(t) < w%(A) for all t G [|tcb^o]; then the 
following holds: 

For every component C" of SS" there is a component C of V% with C C C" and 
DC" C dC. Moreover, one of the following cases applies: 

(a) C^S^D 2 or 

(b) C ~ T 2 x / and C is adjacent to a component C of which is diffeomor- 
phic to S 1 x D 2 on the other side or 

(c) C~T 2 x / and the boundary components of C have time-to distance of at 
least Ar . 

So in particular the components of Vj> which are not contained in Q" have time-to 
distance of at least Ar from Q" . 

Proof. By Proposition 15.9( e). we only have to consider the case in which C ~ 
T 2 x I and C is adjacent to a component C of V2 on the other side. Observe 
that then the generic Seifert fiber of C is contractible in M.(t Q ). Assume that 
C has time-to distance of less than Ar . Then we can find points x G dQ U dU 
and x\ G C with dist to (a;o, Xi) < Ar Q . Without loss of generality, we can assume 
that xi G C fl V^reg (e.g. by assuming x\ G dC). Let Xq,X\ G M.(t ) be lifts of 
x ,Xi in the universal cover with dist to (xo, Xi) = dist to (x , x\). Using Claim 1, 
we can deduce a lower bound on p ro (xo,t ) and hence find a universal constant 
wf > such that vol to B(x , t , r ) > wl*r^. Using Claim 3 (applied with A 
2A + 1), we find a curvature bound on B(xi,t , (A + l)r ) for large t . So by 
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volume comparison we have vo\ to B(xi,t , p ro (xi,t Q )) > w 2 *p 3 (xi, to) for some 
w* 2 * = w* 2 *(A) > 0. 

We will now derive a contradiction to the local collapsedness around x\ for 
small enough w(to). By Proposition 15. If c3) . there is a universal constant < s = 
s 2 (/i°,r(-, 1),K 2 (-, 1)) < and a subset U 2 with 

B(x 1 ,t ,^sp ro (xi,t )) C U 2 C B(a;i,t ,sp ro (a;i,to)) 

which is diffeomorphic to i? 2 x S* 1 such that the S* 1 directions are isotopic to the 
S' 1 -fibers in C PI V^eg and hence contractible in .M(to). So if C/ 2 C .M(to) is the 
lift of which contains Xi, then the universal covering projection is injective on 
U 2 . Hence 

vol 4o B(xi, t , p ro (xi, t )) > vol fo U 2 = vo\ to U 2 > vo\ to B{x u t Q , \sp rQ {x x , t )) 

> | CS 3 VO\ tQ B (X X , t , Pro (Xl,t )) > lcW 2 *S 3 p 3 ro (x u t ). 

Since dist to (xi, A^thin(to)) < 2r , we obtain a contradiction if we choose w\{A) < 
^cw 2 *(A)s 3 . This finishes the proof. □ 

Next we show that the diameter of each component of SS" cannot grow too 
fast on a time-interval of small, but uniform size. 

Claim 5. There is a constant al > and for every A < oo there are constants 
Bl = B* 5 (A),T* = T*(A) < oo and w* 5 (A) > such that if t > max{T*,2T } 
and w(t) < for all t G [|to,to] ; then we have: 

Let C be a component of SS". Then there is a unique sub-Ricci flow with surgery 
N C M. on the time-interval [to — («5?"o) 2 > to] with C = iV(t ) such that the 
following holds: If diam to N(to) > B^r , then diam 4 N(t) > Ar for all t G 
[to - (a;r ) 2 ,t ]. 

Proof. It is clear that by Claim 1 and the fact that all surgeries on [|to,to] are 
trivial, we can extend C to a sub-Ricci flow with surgery iV C M. on the time- 
interval [t — (cti?"o) 2 5 to]- 

The rest of the claim is a consequence of Proposition 16.71 Choose Xq G dC C 
Q U dU. So x is u4*-good at scale r . Let r* = min-j^a^) 2 , (K^)' 1 , T (w[*)} 
where r is the constant from Proposition 16.71 Obviously, dN(t) C B(x ,t,r ) 
for all t G [(1 — T*)t ,t ]. We can now apply Proposition 16.7( d) with U -f- N, 
r o <— r , Xo <— xq, w 4— u^*, A 4— A to conclude that if for any r G (0, r*] we 
have JV C B(x ,t - rrg, Ar ), then C = iV(t ) C S(x , t , ^) r o)- This 

implies the claim for sufficiently large to and small w(t) (depending on A). □ 

It is clear that we can assume the functions w%(A), cil(A), wl(A), w%(A) to be 
non-increasing and the functions K£(A), T 3 *(A), T 4 *(A), B£(A), T 5 *(A) to be non- 
decreasing in A. In the following, we define the sub-Ricci flows with surgery 
Si and the sets Wi and show that they satisfy the assertions (a)-(h). In order 
to do this, we will denote the components of S" by S", . . . , S'^,, and choose a 
subcollection S^ , . . . , S^ of the S", . . . , S'^,, in the next pargraph. The final time- 
slices Si (t ), • • • , S m (t ) will arise from the sets S^, . . . , S^ be removing a collar 
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neighborhood of diameter < 1.5ro- This is described in the following paragraph. 
Fix from now on the constant L and assume that L > 102. 

Assume first that t > max{Tf, T 3 *(L + 2), 2T } and w(t) < min{w* 1 ,w* 3 ( y L + 2)} 
for all t G [|to)^o]- If &i — r o 1 diam to S" < L + 2 for some i, then by Claim 3, 
all points in S" survive until time to — (al(di)r ) 2 and we have |Rm| < K^(di)tQ 
on S" x [t — (a 3 (di)r ) 2 ,to\. Given the fact that the sets Si, ... , S m are chosen 
in the way described above, this establishes the second part of assertion (c) for 
K'(d) =K£(d+ 2) and r[(d) = (a|(d + 2)) 2 . Moreover, assuming r x < r{(102), 
we can remove all S" with diam tQ < 102r and define the sets S*, . . . , S^ to be 
the sets S" with diam to S" > 102r . So, by a reapplication of Claim 3 assertion 
(b) is verified and by Claim 1 the second part of assertion (h) is true for some 
small but universal T\. Also, the first part of assertion (c) is clear. Note that by 
assertion (b) and the fact that the surgeries on [|io,£o] are trivial, we can extend 
every set S* to a sub-Ricci flow with surgery on the time-interval [(1 — Ti)i ,£o] 
which we will in the following also denote by S* C M. 

Now assume that also t > T 4 * (L + 2) and w(t) < w\{L + 2) for all t G [|t , *o]- 
For each S* there is a component Cj of Vi, which is contained in S*(t ) and 
shares a boundary with it. Consider the cases (a)-(c) from Claim 4. In cases 

(b) , (c) we set Pj = C{. In case (a), we can apply Proposition 15. ll fcl) (a) to find a 
torus structure Pi C Ci such that dCi C dPi and such that diamt Ci\Pi < ^,r . 
Observe that in all cases, the torus structure Pi has width < fi°r < ^r . In case 

(c) it has length > (L + 3)r by Claim 4 and in cases (a), (b) it has length > 
diam^ 5 , *(^o)-diam to (5 , *(t )\P)-^^o > diam to S*(t )-^r at time t . Chop off 
Pi on both sides such that the new boundary tori have distance of exactly ro from 
the corresponding boundary tori of Pi and call the result P[. Then define S'i(io) to 
be the union of P[ with the component of S*(to)\P! whose closure is diffeomorphic 
to a solid torus. By assertion (b) we can extend Si (to) to a sub-Ricci flow with 
surgery S, C M. on the time- interval [(1— Ti)t , t ]. Note that in all cases the torus 
structure P{ has length > min{Lr , diam^ Sj(to) — 2r } at time t . We can hence 
chop off P[ on the side which is contained in the interior of Sj(to) and produce a 
torus structure P" of width < ^r and length = min { Lr , diam io Si (to) ~ 2r }. 
Let Wi be the closure of Sj(to) \ P" • Then assertion (e) holds. Moreover, the 
first part of assertion (h) follows from Proposition 15. l( cl). Assertion (a) is clear. 
Observe also that diam 4o S*(to) — ^r < diam to Si(t ) < diam 4o S*(to). 

We discuss assertion (f). Let x G P". By Lemma l5.2( ii) and (iii), we con- 
clude that x is u>i(/i°)-good at scale r and time t relatively to Pj. Since 
B(x,to, p ro (x,t )) C P this implies that x is also locally wi(/i°)-good at scale 
r and time t . 

Next we establish assertion (d). Observe that choosing n small enough, we have 
at least diam 4 Sj(t) > 50r for all t G [(1 — Ti)t ,to] by assertion (b) and the fact 
that diam to Sj(t ) > 100r . Assume now that t > T 5 *(L) and w{t) < wl(L) for 
all t G [|to,io]- By Claim 5 for C = Si(t ) we conclude that for all A < L we have: 
if diam to S*(t ) > P^^ro, then diam t S*(t) > Ar for all t G [t - (a* 5 r ) 2 ,t }. 
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So assertion (d) holds for the function 

Ai(d) = sup{A > : B;(A + 2) < d}U{50}. 

It is clear that A± is monotonically non-decreasing and lim^oo Ai(d) = oo. 

Finally, we prove assertion (g). Assume that t > T3 (2L + 10) and that w(t) < 
w^(2L + 10) for all t G [|to>^o]- Let x G P" and choose an arbitrary point 
x G dS*(t ). Let x, xo be lifts of x, xo in the universal cover A4(t ) with 
distt (x, xo) = dist to (x, x ). As in the proof of Claim 4 we have 

vol to B(x ,t ,r ) > wl*r% 

for some universal w\* > 0. By Claim 3, we have curvature control |Rm to | < 
K*(2L + lO)^ 1 on B(x,t , (L + 5)r ) C B(x ,t , (2L + 10)r ). In particular, 
there is a p* = p*(L) > such that p ro (x,to) > p*r . Without loss of generality, 
we can assume that v < min{p*, 1}. Hence, by volume comparison there is some 
c* = c* (L) > such that 

volto B(x, t , vr Q ) > z/ 3 c* vol to B(x, t Q , (L + 5)r ) 

> z/ 3 c*vol i0J B(^ ,t ,r ) > v 3 c*wl*rl 

On the other hand, 

vo\t B(x,to,ur Q ) < volt B(x,t , p ro (x,t )) < w(t )pl (x ,t ) < w(t )rQ. 

Assume first that there is no loop based at x which is non-contractible in Ai(to) 
and has length < uro- Then 

w(t Q )rl > volto B ( x i f o, ^0) = vol io B(x, t , vr Q ) > v z c*w\*rl. 

So if w(t ) < u 3 c*wl*, we obtain a contradiction. We conclude that if w(t ) is 
sufficiently small depending on L and v, there is a non-contractible loop o C 
Ai(t ) based at x which has length ^t (cr) < vtq. This implies o C P% C 5* (to) 
and hence a is even incompressible in A^(to)- □ 

In the second step, we extend the uniform curvature control from Lemma lHTlT b) 
further into the regions Si (to) \ Wi(to). This will follow from Proposition 16.81 and 
Lemma 18.1( f). 

Proposition 8.2 (second step). There are a positive continuous function 5 : 
[0,oo) — > (0,oo), constants K 2 < 00, r 2 > and functions A 2 ,i^2' r 2 : (0, °°) ~~ * 
(0, 00) with the property that r' 2 is non-increasing, K' 2 and A 2 are non- decreasing 
and A 2 (d) — > 00 as d — > 00 such that: 

For every L < 00 and v > there are constants T 2 = T 2 (L) < 00, w 2 = 
w 2 (L, v) > such that: 

Let M. be a Ricci flow with surgery on the time-interval [0, 00) with normalized 
initial conditions which is performed by S(t) -precise cutoff. Consider the constant 
T < 00 and the function w : [T , 00) — » (0, 00) obtained in Proposition 4-15 and 
assume that 

(1) rl = t > max{4To,T 2 }, 
(ii) w(t) < w 2 for all t G [|t ,t ], 
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(Hi) all components of M.(to) are irreducible and not diffeomorphic to spherical 
space forms and all surgeries on the time-interval [rtoj^o] are trivial. 

Then there are sub-Ricci flows with surgery Si, ... , S m C M. on the time-interval 
[(1 — r 2 )to?^o] such that Si(to), . . . , S m (to) is a collection of pairwise disjoint, 
incompressible solid tori in Ai(to) and there are sub-Ricci flows with surgery 
Wi C Si (i = l,...,m) on the time-interval [(1 — r 2 )to,^o] such that for all 
i = 1, . . . , m: 

(a) The pair (S i (t ),W l (t )) is diffeomorphic to (S 1 x D 2 ^)^ 1 x D 2 {\)). 

(b) The set M.(to)\(Wi(t )U. . .UW m (t )) is non-singular on the time-interval 
[(1 - T 2 )t ,t } and 

|Rm| < K 2 to 1 on (M(t )\(Wx(t )U. . .UW m (*„))) x [(l-r 2 )t , *o]- 

(c) If di&m to Si(t ) < Lr , then Si is non-singular on the time-interval [(1 — 
r 2( r o 1 diam io Si))t ,t ] and we have the curvature bound 

|Rm| < ^(ro 1 diamio Syto 1 on Si(t ) x [(l-r 2 (r 1 diam to Si(t )))t ,t ). 

(d) The set Si(t ) \ Int Wi(t ) is a torus structure of width < r and length 

dist tQ (dSi(t ),dWi(t )) = min {A 2 (r 1 diam to Si(t )), L}r . 

(e) For every point x G Si (to) \ Wi(to), there is a loop o C AA(to) based at x 
which is incompressible in Ai(to) and has length it (cr) < vtq. 

The most important statement of this Lemma is the fact that the uniform 
curvature bound in (b) also holds on Sj(to) \ Wi(t ) and on a time- interval whose 
size does not depend on r$ 1 diam to Si(t ). Since this enables us to estimate the 
metric distortion of the regions Si(t )\Wi(t ) on this time-interval, we don't need 
to list the lower diameter estimate from Lemma 18.1( d). We have also omitted 
the statement from Lemma 18. If f) since we won't make use of it anymore. 

Observe that we can only establish the curvature bound in assertion (c) at 
times close to time to and that the length of the torus structure in assertion (d) 
cannot be bounded from below by a constant depending on the diameter of S, 
at time (1 — r 2 )t . The reason for this comes from the fact that the geometry on 
Si could be close to that of a cigar soliton times S 1 . In fact after rescaling by 
a proper constant, regions of the cigar soliton of large diameter can shrink very 
rapidly under the Ricci flow. It is the content of Proposition I6.7[ which we have 
applied in the proof of Lemma I8.1[ that however the opposite behaviour cannot 
occur, i.e. regions of bounded diameter can never grow too fast in a short time. 

Proof. We will fix several constants and functions which we will use in the course 
of the proof. First we assume that 5(t) is bounded by the corresponding functions 
from Lemma [8.11 and Proposition 16.81 Consider moreover the functions A 1; K[, 
t[ from Lemma [8. II and choose D* < oo such that 

D* > 100 and Ai(D*) > 100. 
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Define the functions L*,..., L* 5 (d) : [D*, oo) ->■ (1, oo) by 

L*(d) = iAi(d) - 10 
L^(d) = ±min{d-3,L*(d)} 

L5(d)=nun{LI(d)-l,^(d)} 
LJ(d) = L^(d) - 1 
L*(d) = iLj(d) 

Observe, that L*, . . . , L\ are continuous, monotonically non- decreasing and L*(d) — > 
oo as d — )■ oo. Using these functions we define 



A 2 (d) 



min{L*(d) - 1, d — 2} if d > £>* 
1 if d < £>* 



Then A 2 (d) is also non- increasing and A 2 (d) — > oo as d — > oo. 
Given the constant L, we pick 

L° = L°(L) > max{D*, 10 L + 100}. 



Finally, using the constants w% and T±, from Lemma [8.11 we assume 

w 2 {L, v) < wi{L°, v) and T 2 (L, v) > 27\(L°, v). 

We first apply Lemma 18.11 at time t t with [/ -f- .M(to), L ^ L° and 
z/ -<— z/. We obtain sub-Ricci flows with surgery on the time-interval [(1 — Tq )to, to] 
which we will denote by S{, . . . , S^/ C M. and subsets which we will denote by 
Wl' C S&to) for i = 1, . . . , m'. By Lemma 0(c), if diam to S<(t ) < D*r , then S< 
is non-singular on the time-interval [(1 — r((.D*))to, to] and we have a curvature 
bound there. Let now Si, ... , S m be the subcollection of the S[, . . . , S' m , for which 
dj = diam to S^(t ) > -D* an d pick the sets W[ C Sj(t ) accordingly. Consider 
the torus structures P/ = Int Si (to) \ W/ of width < r and length 

min{dj - 2, L°}r > min{A 2 (dj), L + l}r . 

Chop off each P[ on the side which is not adjacent to dSi(to) and produce torus 
structures p of width < r and length exactly min{A 2 (dj), L}r . Then we set 
Wi = IntSj(to) \ IntPj. We will later be able to extend Wi to a sub-Ricci flow 
with surgery on a small, but uniform time-interval. 

Claim 0. There are universal constants Tq,Wq > and Kq < oo such that: 
For allx G M(t ) with dist to (ar, M(t ) \ (Si (t ) U ... U S m (t ))) < 100r the point 
(x,to) survives until time (1 — TQ*)t and 

|Rm|(x,t) < A^tg 1 /or a// t G [(1 -T*)t ,t ]. 

Moreover, assertions (a), (c), (d) and (e) of this Proposition hold. 

Proof. The first statement is a direct consequence of Lemma 18. 1( b) and (c). Here 
we assume that Tq < min{ri, t[(D*)} and Kq > m&x{K 1 , K[(D*)}. 

Assertion (a) is clear and assertion (c) is a consequence of Lemma [8. 1( c). As- 
sertion (d) follows by the choice of A 2 and assertion (e) by Lemma IHTTT g) and the 
fact that W!(t ) cW t . ' □ 
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So it remains to extend the curvature bound from Claim to the subsets 
Si(to) \ Wi on a uniform time-interval. The proof of this fact will involve the 
application of Lemma IHTT1 at times t G [(1 — Tq)£o,£o] for U S'i(t), L L° 
and v •<— za By assertion (h) from the previous application of Lemma 18. 1[ the 
extra conditions of Lemma IHTTl in the solid torus case are satisfied. The remaining 
conditions hold by the choice of W2 and T 2 . 

The desired curvature bound is established in the following Claims 1-5. In 
Claims 1-3 we will first derive a local goodness bound for points which are in 
controlled distance from dSi(t) for any t of a uniform time- interval. An important 
tool will hereby be the notion of "torus collars of length up to" a certain constant 
as introduced in Definition 17.41 In Claim 4 we will derive a curvature bound using 
this local goodness bound together with Proposition 16.81 Claim 5 will translate 
this result into the final form. 

In the following, fix some i — 1, . . . , m and recall that di = r$ 1 diam to 5j(t ) > 
D*. 

Claim 1. There are universal constants K* < oo and < < Tq such that for 
all t G [(1 — T*)to,to] the following holds: Consider numbers 

< L < min{L*(d i ),4(L + 2)}, l<a<2 

and assume that Si(t) does not have torus collars of width < ar and length up to 
Lro, but it has torus collars of width < ar and length up to (L — l)r if L > 1. 
Then \Rm\(x,t) < K&q 1 for all x G with dist t (x,dSi(t)) < (L + 10)r . 

Proof. Observe first that in the case L < 1 we are done by Claim and a suffi- 
ciently small choice of t*. So assume in the following that L > 1. 

Assume that r* < Tq and fix some t £ [(1 — Tj*)t ,to]- So we can apply 
Lemma 18.11 at time t with U ^— S[ and L L° and obtain the sub-Ricci flows 
with surgery £*, . . . , S^, C M and the subsets W* C S*(t). Observe that the 
parameter r = \/t changes only slightly, i.e. we may assume that for the right 
choice of T-j* we have 0.9r < r < r . Moreover, we assume that r* is chosen small 
enough that diam t dSi(t) < 2 diam io dSi(t) < 2r . 

If distt(S7*(*)> 9Si(t)) > (L — 30)r for all i* = 1, . . . , rrf, then we are done by 
Lemma 18.1( b) applied at time t. So all we need to do is to assume that there is 
an i* = 1, . . . , m* with 

dist t (£* (t),dSi(t)) <(L- 30)r (8.2) 

and derive a contradiction. 

Observe that by Lemma [8.1( c) and (e) applied at time t we have dist t (d S**(t), 
dWp) > min{97r, L°r} > 50r . So we can choose a point y e S*«(t) \ W** such 
that distf(y, dS**(t)) = 3r . Then we have at least dist t (y, dSi(t)) < (L — 20)r 
and hence by our assumption, there is a set P C Si(t) which is bounded by dSi(t) 
and a torus T C Si(t) with y G T and diam t T < ar Q < 2ro- By the choice of y 
we have T C S*, (t) . This implies 

S l (t) = PUS*,(t) (8.3) 
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and we conclude using assertion (d) of Lemma 18.11 applied at time to that 

dianu, S** (t) + diam t P > diam t Si(t) > min{Ai(dj), L°}r . 
Observe now that by Lemma 17.51 we know that 

diam* P < (L - 20 + 4a)r < (L — 10) < min{lrj(dj), 4(L + 2)}r . (8.4) 
So using the fact that r < r , we obtain 

diam t S*(f) > (mii^A^dj), L } - min-fL^), 4(L + 2)})r 

> min {A!(dj) - LJ(dj), L° - 4(L + 2)}r. 

Observe that the right hand side is larger than lOr. We conclude further using 
Lemma 18.1( e) applied at time t that 

dist t (W**,dSi(t)) > dist t (dS**(t) 7 dW*») = min{diam 4 S*,(t) - 2r,L°r} 

> 0.9min{Ai(di) - L\{di) -2, L° -4(L + 3), L°}r 

> min {L\{di) + l,4(L + 2)}r > Lr . (8.5) 

So far we have only used the first assumption that Si(t) does have torus collars 
of width < ar and length up to (L — l)r . We will now show that in contradiction 
to the second assumption of the claim, Si(t) also has torus collars of width < ar® 
an length up to Lr . So assume that x G Si(t) with (L — l)r < dist 4 (x, dSi(t)) < 
Lr . By f 18 . 3 1) . the diameter bound (18. 4p on P and ( 18. 5p . we conclude x G 5*»(t) \ 
W**. So, we can find a set P* C £,*(£) \ W** which is diffeomorphic to T 2 x / and 
bounded by <9S*, (t) and a 2-torus T* C S£ (t) \ V^** with x G T* and diam t T* < 
?" < ?"o ar o- Again by (18.4)) we find T* R P = 0. It follows from Lemma 17.61 
that P U P* is diffeomorphic to T 2 x /. This finishes the contradiction argument 
and shows that ( 18. 2 p does not hold for any i* — 1, . . . , m*. □ 

Claim 2. There are universal constants < t£ < and T£ < oo suc/i t/iai z/ 
to > T£ then at all times t G [(1 — rj^to^o] the set Si(t) has torus collars of width 
< 2tq and length up to min-fL^c^), 2(L + 2)}ro. 

Proof. Choose < t* such that exp(21f*T|) < 2. By Lemma iSTTT e) we already 
know that at time t , the set Si(t ) has torus collars of width < r and length up 
to Lj7"o where 

L { = 2 mm{L* 2 (di), 2(L + 2)} < min{rf, - 2, L°}. 

Let t* G [(1 — r|)t ,to] be minimal with the property that for all t G (t*,t ] the 
set Si(t) has torus collars of width < exp(2Klt () 1 ( y t — t))r and length up to 
exp(— 2K*ty 1 (t — t))Ljr at time t. We are done if t* — (1 — r^to- So consider 
the case £* > (1 — r|)to- 

Let £ > be a small constant which we will determine later. It will not 
be a universal constant. By the choice of t* , we find times t± < t* < t2 with 
t% — t\ < e such that at time t 2 the set Si (£2) has torus collars of width < 
exp(2Klt 1 (t — t 2 ))r and length up to exp(— 2Km 1 (t — t 2 ))Lir , but at time 
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time t\ it does not have torus collars of width < exp (2Klto 1 (t -t 1 ))r and length 
up to exp (-2 K^t q 1 (t - tx))Lir . 

Choose L < exp(—2K^tQ 1 (t — t\))Li such that at time t\ the set Si{t\) does 
not have torus collars of width < exp(2i^Q 1 (t — ti))r and length up to Lr , 
but it does have torus collars of width < exp (2K 1 *to 1 (t - ti))r and length 
only up to (L — l)r if L > 1. Observe that L < mm{L\(di) , A(L + 2)} and 
exp(2f^*t (t — ti))r < 2r . So we can apply Claim 1 to conclude that 

\Rm\(x,ti) < Klt^ 1 if x G Si(ti) and disbar, dS^ti)) < (L + 10)r . 

Let Q < oo be a bound on the curvature around all surgery points in M. on 
the time-interval [t i , ^2] - Then all strong 5(t)-necks around surgery points as 
described in Definition 12.11 ( 4) are defined on a time-interval of length > j^qQ 1 ^ 2 
and the curvature |Rm| there is bounded from below by > c'5~ 2 (t) for some 
t G [ti,^] and a universal d > 0. So if we choose e < JqqQ 2 and assume t 
to be large enough, then we can exclude surgery points of the form (x,t) with 
dist tl (x,dSi(ti)) < (L + 10)r and t e 1 2 ] • Moreover, again by choosing e 
sufficiently small, we can assume that curvatures at points which survive until 
time £2 cannot grow by more than a factor of 2 such that we have 

|Rm|(x,t) < 27^0 1 if (x,t) G S i (t)x[t 1 ,t 2 ] and dist tl (>, dSi(t)) < (Z+10)r . 

(We remark, that we could have also excluded surgery points using property (2) 
of the canonical neighborhood assumptions in Definition 12.141 ) 

Now let x G Si(ii) be a point with dist tl (x,dSi(ti)) < Lr . Then by the 
curvature bound we conclude 

dist t2 (x, dSi(t 2 )) < exp(2ir*t 1 (t 2 - t x ))Lr Q < ex V {-2Klt^\t Q - * 2 ))V . 

So there is a set P C Si(t 2 ) which is bounded by dSi(t 2 ) and an embedded 2-torus 
T C Si(t 2 ) with x G T and diam t2 T < exp(2i^to (*o — ^))^o- By Lemma 17751 we 
have under the assumption that e so small that exp(2K*e)Li < Li + 1 

diam 42 P < exp(2K*to \t 2 - ti))Zr + 8r < (L + 9)r . 

Again by assuming e small, we conclude that the distance distortion on P for times 
[ti, t 2 ] is bounded by r and hence M. is non-singular on P x [ti, t 2 }. So at time t\ 
the set P is bounded by dSi(ti) and a torus of diameter < exp(2i^*tg 1 (^o — ^i)) r o- 
We have just showed that S'j(ti) does indeed have torus collars of width < 
exp(2Klt 1 (to — ti))ro and length up to Lr contradicting our assumption. □ 

Claim 3. There are constants < T3 < Tq, > and K^,T^ < 00 such that: 
Assume that t > T%. Then for every t G [(1 — r|)t , to] an d every point x G Si(t) 
with dist t (d Si(t),x) < min{Lg(tij), 2(L + 2)}r either |Rm|(x, t) < K^ 1 or x is 
locally w^-good at scale ro and time t. 

Proof. Assume that < min{rQ, r*, } and fix some time t G [(1 — T3 )t , t }. We 
will argue as in the first part of the proof of Claim 1 with L = mm{L^(di) , 2(L + 
2)} + 1 < min{L*(di), 4(L + 2)} and a = 2. Observe hereby that by Claim 2 the 
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set Si(t) has torus collars of width < 2r and length up to rnin{Lg(dj), 2(L + 2)} < 
min{L*(^),2(L + 2)}. 

So we apply again Lemma IHTTI at time t with U <r- Si(t) and L L° and obtain 
pairs of subsets (S?(t), W?), . . . , (5£,.(t), W^.) of #(*). If dist t (£**(t), > 
(L — 30)r for all z* = 1, . . . , m*, then we obtain a curvature bound as before 
using Lemma [8.1( b). If not, i.e. if (I8.2p is satisfied for some i* — 1, . . . , m*, then 
we obtain from ( 18. 5 p that 

djstt(W?.,dSi(t)) > mm{L* 2 (d i ),2(L + 2)}r . 

This implies that every x G Si(t) with distf(<9Si(t), x) < min-fL^di), 2(L + 2)}r 
is either contained in Si(t) \ (^(i) U . . . U S^. (t)) in which case we obtain a 
curvature bound from Lemma 18.11 (b) or contained in S** (t) \ W** in which case x 
is w-good at scale r and time t by Lemma [8.11 (f). □ 

Claim 4. There are universal constants K2,T£ < oo and < t\ < Tq s«c/j i/iai 
z/t > t/ien |Rm|(x,t) < Klt^ 1 for all t G [(1 - r|)t ,^o] awd x G 

dist t (^(t),x) < mm{Ll(di),2(L + l)}r 

and none of these points are surgery points. 

Proof. We use Claim 3 and Proposition 16 . 8 1 with U Si, ro 4— tq, t\ <— (t^) 1 / 2 ^, 
A <(— KqT^, w <- tug, 6 <- min{L3(dj), 2(L + 2)}r to conclude that for all 
t G [(l-|rJ)t ,*o] and x G with dist t (&%(£), x) < noin{Z£(dj), 2(L+l)}r < 
(6 — l)ro we have 

|Rm| (x, t) < %gj(^, AT V*) (r - 2 + (ir 3 %)^) ■ 

This implies the claim. □ 

Claim 5. There are constants K£,T£ < 00 and < rj* < Tq snc/i t/jat i/io > r 5 * ; 
i/ien /or all x G Si (to) / or which 

dist t0 {dSi{t),x) < mm{L;{d i ),L + l}r 

the point (x, to) survives until time (1 — r^)t and for all t G [(1 — rf)to,£o] we 
/iave |Rm|(x,t) < Kp^ 1 . 

Proof. This follows by a distance distortion estimate and Claim 4. We just need 
to choose Tj* < T4 so small that distances don't shrink by more than a factor of 
2 on a time-interval of size < rj* to m a region in which the curvature is bounded 
by/qto 1 . " ' □ 

To conclude the proof of the Proposition, we just need to use Claim 5 and 
observe that the torus structure IntSi(to) \ Int has width < r and length 
< mm{Ll(di) — l,L}r . Hence, all its points satisfy the distance bound from 
Claim 5. So assuming r 2 < r|, we obtain a curvature bound on the non-singular 
neighborhood (IntS'j(to) \ IntWj) x [(1 — r 2 )to ; ^o] an d we can extend Wi to a 
sub-Ricci flow with surgery Wi C M. on the time-interval [(1 — T 2 )t ,t }. D 
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In a third step we make the additional fact that we can find filling surfaces 
of controlled area inside a time-slice. This will enable us to improve the bound 
on the width of the torus structures. We will also present the dependences of 
the involved parameters in a way which will be more suitable for the following 
subsection. 

Proposition 8.3 (third step). There are a positive continuous function 5 : [0, oo) 
— > (0, oo) and constants K < oo, r > and for every A < oo there are non- 
increasing functions Da, K' A : (0, 1] — > (0, oo) such that for every r] > there are 
w 3 = w 3 (r], A) > 0, T 3 = T 3 (r], A) < oo such that: 

Let M. be a Ricci flow with surgery on the time-interval [0, oo) with normalized 
initial conditions which is performed by 5(t)-precise cutoff. Consider the constant 
T < oo, the function w : [T , oo) — > (0, oo) as well as the decomposition M.(t) = 
-Mthick(£) U A^thm(^) for all t G [To, oo) obtained in Proposition \4-15[ Assume that 

(i) rl = t > max{4T ,T 3 }, 
(it) w(t) < w 3 for all t G [\t ,t ], 

(Hi) all components of A4(t Q ) are irreducible and not diffeomorphic to spherical 
space forms and all surgeries on the time-interval [|to,^o] ore trivial, 

(iv) there is a filling map f : E — > M.(ta) (in the sense of Definitinon [77^] ) for 
the pair (M thick (t ) , jM t hin(*o)) of area area to / < At . 

Then there are closed subsets P\,...,P m C -M(to) and sub-Ricci flows with 
surgery U%, . . . , U m C M. on the time-interval [(1 — r)t , t ] as well as numbers hi, 
. . . , h m G [r], 1] such that the sets PiUUi(t ), . . . , P m UU m (t Q ) are pairwise disjoint 
and such that for all i = 1, . . . , m 

(a) The set Ui(t ) is a smoothly embedded, incompressible solid torus (~ S 1 x 
D 2 ), Pi ?z T 2 x I and Pi, Ui(to) share a torus boundary, i.e. Pi R Ui(t ) = 
dUi(t ). So (Pi U E/i(to)) ~ (S 1 x D^l^S 1 x D 2 {\)). 

(b) The set Pi is an hi-precise torus structure at scale r and time t . 

(c) If hi > i], then 

diam^P; U Ui(t )) < D(hi)r and 

|RmJ < K'thi)^ 1 on P % U Ufa). 

(d) The set J\A(to)\(Ui(t Q )U . . .UU m (to)) is non-singular on the time-interval 
[(1 - T)t ,t ] and 

iRm^^Q 1 on (A4(t )\(CM*o)U. • .UU m (t ))) x [(l-r)t ,to]- 

Proof. We first define the constants K, r, the functions Da, K' a and the quan- 
tities w 3 , T 3 . Consider the functions K2,K' 2 ,t i 2 and the constants Ki,T2 from 
Proposition E2J Choose D* < oo such that A 2 (D*) > 1000 and set 

K = max{K 2 , K' 2 (D*)} and r = min{r 2 , t' 2 (D*)}. 

Now fix the constant A < oo. Before defining Da and K' A , we need to fix a 
few other quantities and functions that we will be important in the course of the 
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proof. Using the constants Lq from Lemma 17.121 v from Lemma 17.71 and e% from 
Lemma 17.81 we set 

I A = max{Z (min{^(K 2 ,l,l),£ 1 (ir 2 )}, A), 10(^2,1,1))^}. 
Then we define the functions L A , L* A : (0, 1] ->■ (0, oo) by 

L%(h)=max{L A , Lo(min {±u(K 2 , h' 1 ,ti),e 1 (K 2 )}, A), 

2/r 1 + ioo, lop^zr 1 ,/*)) -1 }. 

L* A {h) = inf {L*X{h") : < h" < \h). 

Then L* A is non- increasing. Using this function, we define the functions D A , K' A 
by 

D A (h) = sup{d > : A 2 {d) < L* A (h)}. 
K' A (h) = K' 2 (D A (h)) 

Observe that also D A and K' A are non-decreasing. 
Now also fix the constant 77 > and set 

L° = max{L A (r]) + 1, D A (r)), 1000} and v° = min { — , ei^)}- 

Then we define 

w 3 ( V , A) = w 2 (L°, u°) and T 3 ( V , A) = T 2 (L°). 

By this choice of w 3 and T3, we can apply Proposition 18 .21 with L ^— L°, v ^— v° 
and obtain sub-Ricci flows with surgery Si,...,S m C M. on the time- interval 
[(1— r)t , t ] and subsets Wi C Si(t ). For each i = I, ... ,m set di = r$ 1 diam to S^. 
Then P[ = Si\ Int Wi are torus structures of width < r and length Ljr for 

Li = mm{A 2 {di),L°}. 

We can assume without loss of generality that Lj > 1000 for all i — 1, . . . , m: If 
Li < 1000 for some i = 1, . . . , m, then by Propositioned) A 2 (di) < 1000 < L°. 

50 by monotonicity of A 2 we have di < -D* and by Proposition 18.21( c) and the 
choice of r, .fT the flow Si is non-singular on the time-interval [(1 — r)to,^o] an d 
we have |Rm| < Atg 1 on Si(t ) x [(1 — r)t ,£o]- Hence we can remove the pair 

51 and Wj from the list. We summarize 

1000 <Li<L° for all i = l,...,m. 

Next, we define numbers h! i > which will give rise to the hi. If Li < L A , then 
we just set h\ = 1. Observe that by definition of L* A , we then immediately get 
Li < L* A {hi). In the case in which > L A , we choose an G (0, 1] such that 
the following three equations are satisfied: 

Li > L Q ( min { ij7(if 2 , - 1 , h[) , e x (K 2 ) } , A) 

Li > 2(h' i )- 1 + 100 (8.6) 

L i >10(u(K 2 ,(h' l )-\h' l ))- 1 (8.7) 
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The conditions Lj > La and Li > 1000 ensure that we can find such an h^. We 
can furthermore assume that h\ is so small such that for any h" < \h' i: at least 
one of these conditions is not fulfilled. So for any h" < \h\ we have Lj < L* A {h") 
and thus Lj < L A (h'^). Furthermore, observe that by (I8?7p we have 

^{K 2 ,{h>y\K)>^>±- o =v°. (8.8) 

Lastly, we define 

hi = max{/i-, rj}. 

So for all i = l,...,m for which hi > rj we have if Lj < L* A (h'i) = L* A (hi). 
Proposition 18.2( d) together with the fact that L° < L* A (hi) implies that A 2 (di) < 
L* A (hi). Hence di < Dj^ihi) and we have the curvature bound |Rm 4o | < K'^hijt^ 1 
on Si (to)- Since Pj U U(t ) will be strictly contained in Si(t ), this establishes 
assertion (c). 

For the next paragraphs fix i = 1, . . . , m. We will now construct the sets Pi 
and the sub-Ricci flows with surgery [/jCM. Ui and Pi will be a modification 
of the sets Wi and P[. The torus structure p will be a subset of P/. 

First consider the case Lj < L^. Then hi = 1. In this case, we simply set 
Pi = Si\ Int Wj and Ui = Wi. Obviously, p is 1-precise. 

Assume in the following that Lj > L^. From Lemma 17.121 applied to M f- 
M{t ), M hyp <- Mmck(t ), M Seif ^ Mhin(to), P <- P{, S <- Si and / <- /, we 
obtain a closed loop 7« C P/ which is non-contractible in P[, but contractible in 
Si(t ), has length 

£ t0 ( 7i ) <min{^(ir 2 ,(/ i :)- 1 ,/ i :),e 1 (K 2 )}r 

and which has time-to distance of at least |Lj — 2 from P/. Let pi G 7» be an 
arbitrary base point. By Proposition 18.2( e). there is a closed loop <7; C P[ based 
at pi which is non-contractible in Si and has length (see ( 18 .8)1 ) 

£ to (^)<^ro<rnm{^K 2 ,(h[)-\K),e 1 (K 2 )}r . 

In particular, ji and crj represent two linearly independent homotopy classes in 
7Ti(P/) = Z 2 . By Lemma I7T8| there is an embedded torus Tj C P/ with pi G Tj 
which separates the two ends of P/ and which has diameter 

diam 4o T { < v{K 2 , (/ij) -1 , /i-) r o- 

Observe that T, has distance of at least gLj — 3 > ^ 1 + 30 from dP[ (see 
(18. 6p ). We can hence apply Lemma 17771 and obtain a torus structure p C P/ of 
width < h'iTQ and length > (h' i )~ 1 r such that the pair (P/, Pj) is diffeomorphic to 
(T 2 x [—2, 2], T 2 x [—1, 1]). Finally, we let Z7»(to) be the closure of the component 
of Sj (to) \Pj which is diffeomorphic to a solid torus. It is clear that we can extend 
it to a sub-Ricci flow with surgery Ui C M. on the time-interval [(1 — r)to,to]. 
Then assertions (a), (b), (d) are clear and (c) was established before. □ 
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8.2. The geometry on late and long time-intervals. In this subsection, we 
relate the conclusions from Proposition 18.31 applied at each time of a larger time- 
interval towards one another and obtain a geometric description of the flow on 
the given time- interval. More precisely, we will be able to conclude that, if the 
size of the time-interval is controlled and its initial time is large enough, then we 
either have a curvature bound on the final time-slice or we can find a curve whose 
length at all times of the time-interval is very small and which bounds a disk of 
controlled area. 

Proposition 8.4. There is a positive continuous function 5 : [0, oo) — > (0, oo) 

and for every L,A < oo, a > there are constants K4 = K 4 (L, A, a), T 4 = 
r 4 (L,A),T 4 = T 4 (L,y4,a) < oo andw 4 = w±(L,A,a) > (observe that T 4 does 
not depend on a) such that: 

Let M. be a Ricci flow with surgery on the time-interval [0, oo) with normalized 
initial conditions which is performed by S(t) -precise cutoff. Consider the constant 
T < oo, the function w : [T , oo) — > (0, oo) as well as the decomposition M.{t) = 
-Mthickfi) U -Mthin(i) for all t G [T Q , oo) obtained in Proposition ^. 15] and assume 
that 

(i) tea > Tq = t > max{4T ,T 4 } and t w < Lto, 
(ii) w(t) < W4 for all t G [\to,t w ], 

(Hi) for every t G [^to,^] oil components of A4(t) are irreducible and not dif- 
feomorphic to spherical space forms and all surgeries on the time-interval 
[i*o> Vl ore trivial, 

(iv) for every t G [to,tJ there is a filling map f : E — > M.{t) (in the sense of 
Definitinon \1.4\ ) for the pair ( M. thick (if:), M. thin (£)) of area area 4 / < At. 

Then there is a collection of sub-Ricci flows with surgery U±, . . . , U m C M. on 
the time-interval \to,tJ\ such that for all t G [to^w]; the sets U\{t), . . . , U m (t) C 
Ai(t) are pairwise disjoint, incompressible, solid tori. Moreover, there are collars 
Pi C M.(t u ) \ Int(£/i(t w ) U . . . U U m (t u )) of each Ui(t u ) which are diffeomorphic 
toT 2 x I and non-singular on the time-interval [to,t u ] and there are closed loops 
7i C Pi which at time to bound disks Di C Ai(ta) such that 

(a) |Rm t J < K^Z 1 on M(t u ) \ {U x {t w ) U . . . U U^)), 

(b) £t{li) < oty/t and diam t dUi(t) < ayt for all t G [to, t u ] and i = 1, . . . , m, 

(c) maxcurv t 7j < T^q 1 for all t G [to? Vl ond all i = 1, . . . ,m, 

(d) area fo D { < At for all i = 1, . . . , m, 

(e) 7, is non-contractible in Pi. 

Proof. Let r be the constant from Proposition 18.31 and pick iV G N minimal with 
the property that (1 + r) N t > t w . Subdivide the time-interval [to,^] by times 
tk = (1 + r) fc t for k = 0, 1, . . . , N. For simplicity, we assume that tjv = t u (if 
not, we can decrease r slightly or extend the flow past time t u ) and that N > 3. 
Observe that N depends on L. 

In the following proof, we will apply Proposition 18.31 at the times to ^~ tk with 
A ^— A and r] r]°. Here r]° = f]°(L, A, a) > is a constant which we are going 
to determine in the course of the proof. It will be clear that rf can be chosen such 
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that it only depends on L, A and a. In order to be able to apply Proposition 18.31 
we assume to > T 3 (r]°,A) and that w(t) < ws(r]°,A) for all t G [|to,C]- Then 
at each time t k , Proposition 18.31 provides subsets P^' C A4(t k ), sub-Ricci flows 
with surgery [// C M. on the time-interval [t k -i,t k ] as well as numbers h\ > 
for i = 1, . . . ,m^ k \ The P^ are /i^-precise torus structures at scale y/t^ and 
time t k and using the universal constant K from Proposition 18. 31 we have for each 
ke{0,...,N} 

\Rm\ KKr 1 on (M(t k ) \ (U? \t k ) U . . . U U {k } k) (t k ))) x [t M) t k \. (8.9) 

It is not difficult to see that for all k = 0, . . . , iV and i = 1, . . . , we can 
divide P> into iV + 2 approximately equally long torus structures as 



_pW = y y J 3 .^) 



4,^+2 



such that if < 2 (n+i) , then the P--^ are 2A r /^ fc ' ) -precise at scale y/tk and time 
ifc and in such a way that P^ and fgj. x are adjacent for j < N + 2 and 
is adjacent to U- k \t k ). Using this subdivision, we define the sub-Ricci flows with 
surgery V^, . . . , V i C on the time-interval [t^-i, as follows: is the 
extension of the subset 

Pffu...UP^ +2 UUl k \t k )cM(t k ) 
to the time-interval [t k -i,t k ]. 

Claim 1. There are a constant rj\ = 77* (L, A) > and a non-decreasing function 
ipl = ip{ L A : (0, 00) — > (0, 00) which both depend on L and A such that (p*(h) < h 
for all h > and such that the following holds: 

Letk 1 ,k 2 G {0,...,N}, k x ^ k 2 , h G {1, . . . , m^}, i 2 G {1, . . . , m^}. Assume 
that there is some j < N + 1 such that 

(i) if ki < k 2 : all points in P^j UP^^ survive until time t k2 _i and P^ D 
U% 2 \t k2 -i) ^ 0- Moreover, we have {P$ U pW +1 ) n Uf\ty) = /or 
all k! strictly between k\ and k 2 and all i' G {1, ... , m^ fc '^}. 
(ii) if k 2 < k±: all points in P- k j U P^j+i survive until time t k2 and P^j H 

^? 2) (^ 2 ) ^ 0- Moreover, we have {pW U P^.+i) n ^(^O = M 
strictly between ki and k 2 and all i' G {1, . . . , m^ fe )}. 

TTjen if h^ 1 < 77*, we can uniquely extend the sub-Ricci flow with surgery V^ +2 
to the time-interval [tfci-i, tk 2 -i] ^ n case (i) an d \tk 2 ^k 1 ] in case (ii). These exten- 
sions satisfy V> k f +2 (t k2 ^i) £ (*Aa-i) in case (1) and V^f +2 (t k2 ) C U£ 2 >(t k2 ) 
in case (ii). 

Lastly in case (ii), without imposing any restriction on h[ kl \ we have (fi(h\ k ) < 
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Proof. By flO}, we have |Rm t | < iTt 1 on P^ U P^_ x for all t G [t fcl -i,4 2 -i] 

(in case (i)) or t e [£fc 3 >£fci] ( m case 00 )■ So -^1}'' an< ^ ^hf+i are s ^ m v'C^if^) - 
precise torus structures at scale y/tk 2 -x or y/tj^ and time tfc 2 _i or t k2 (depending 
on whether we are in case (i) or (ii)) for some if' : (0, oo) — > (0, oo) with <f'(h) — > 
as h — > (observe that </?' can be chosen depending only on L). It is clear that we 
can extend the sub-Ricci flows with surgery V^ +2 to the desired time-interval 

We now show that if is small enough, then we must have V^ +2 (t k2 /-x) £ 
U^ 2 \tk 2 /-i) (by "^2/ — 1" we mean k 2 in case (i) and k 2 — 1 in case (ii)): By the 
previous conclusion and by assuming to be small enough, we can assume 
that at time t k2 /-x, the set P^f is far enough away from V^ +2 (t k2 /_i) to ensure 
that dU^ 2 \t k2 /_i) cannot intersect both P^j and V^ +2 (tk 2 /-i)- Consider first 

(+. . \(^^TT^)l + . . \ (h TTinn T/C^l) 



the case in which V^ 2 (t fc2 /_i) ndU£ 2, (t k2hl ) = 0. Then either V^ +2 (t k2hl ) C 
U[ 2 2 \tk 2 /-i) and we are done or V^j| 2 (W-i) n '(^/-i) = 0- However, in 
the latter case we conclude — assuming ft,^ to be small — that a cross-sectional 
torus of P$ is contained in P/ 2 fe) U u£ 2 \t k2hx ) and hence P^ U P/^+i U 

1 ^(t* !a /_i) and Pj^ U U- 2 2 \t k2 /_i) cover a component of .M(tfc 2 /_i). This 
however contradicts Lemma [3.81 and assumption (iii). It remains to consider the 
case in which n dU^\t k , hl ) = 0, but V^ +2 (t k2hl ) n dU^t^-i) ^ 0. 
This implies together with the assumption in the claim that P^j C U^ 2 \t k2 /-i) 
and so a component of .M (tfc 2 /_i) is covered by P^j U P^j + i U V^ fcl ^(£& 2 /_x) and 

Ui 2 2 \tk 2 /-i), contradicting again Lemma We have hence established the first 
part of the claim. 

For the second part of the claim we can choose <f\ such that (p*(Tj) < 77^ for all 
77 > 0, so we only need to consider the case h\ kl ^ < rj{. Moreover, we can assume 
that > 77 , because otherwise the statement is trivial. Observe now that since 



U^ 2 \t k2 ) intersects both P/^* and V^| 2 (t &2 ) and the boundary components of 

P/kj+i, two sets which have time-t^ distance of at least {^p'ih^))' 1 ^/!^, we find 
using Proposition 18.3( c) 



(^(/ i f ) ))" 1 V^< diam tfc2 U^ 2 \t k2 ) < D(h™)yfe. 
This establishes the second part. □ 



Consider now the index set I = {(k,i) : < £; < iV, 1 < i < m (fc) }. We will 
write (kx,ix) ~< (^2^2) whenever we are in the situation of Claim 1, i.e. if there 
is a j < N + 1 such case (i) or (ii) of this claim holds. 

Claim 2. There are a constant r\ 2 = i] 2 (L,A) > and a monotonically non- 
decreasing function f*2 = a'- (0> 00 ) — (0> 00 ) which both depend on L and A 
such that if r]° < r] 2 , then the following holds: 
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Whenever we have a chain 

(h,ii) -< (k 2 , i 2 ) -< ■ ■ ■ -< (k m , i m ) 

such that k 2 , . . . , k m < k\ and hf 1 < T]^, then m < N+l and k± > k 2 > . . . > k m . 
Moreover, there are indices ji, . . . ,j m -i G {1, . . . , N + 1} such that the sub-Ricci 
flow with surgery V^ i+2 can be extended to the time-interval [£fc 2 >*fciL ^ij2+2 can 
be extended to the time-interval [tk 3 ,tk 2 ], ■ ■ ■ and such that 

Lastly, (pHh^) <max{h^\ V }. 

Proof. Set rf 2 = ip*( N \rjl) and tp* 2 (h) = ip*^ N \h) where T)l,cpl are taken from 
Claim 1 and the upper index in parentheses indicates multiple application. 

Without loss of generality, we can assume that m < N + 2, because otherwise 
we can shorten the chain to size N + 2. We will first show the claim without the 
last line by induction on m. Additionally, we show that 

ht ] < Vl iN - m+1 \vl), (8-10) 

if m < N + 1. For m — 1 there is nothing to show. Assume that the induction 
hypothesis holds for m — 1, i.e. that we can extend the sub-Ricci flows with 
surgery V^j^ +2 , . . . , V^ 2 j m _ 2+2 to the appropriate time- intervals so that they 

satisfy the inclusion property above, that k\ > k 2 > ■ ■ ■ > k m -i and that 
satisfies inequality (I8.10p above with m replaced by m — 1. 

So hf™J^ < ipl {N - m+2) [r)D < ril and we conclude by Claim 1 that there is a 
jm-i such that we can extend the sub-Ricci flow with surgery V^™~]^_ l+2 to the 
time-interval [tk m ,h m -i] or [h m -i-i, tk m -i] depending on whether k m < k m ^i or 
k m > k m -i and we have 

vt;L,Ah m ,-i) s ut\t kmhl ). (s.ii) 

We now show in the next two paragraphs that we must have k m < k m _\. 
Assume that k m > k m _\. Then there is an / = 1, ... ,m — 2 such that ki + i < 
k m < h- We first show that 

Choose Z + 1 < /* < m — 1 minimal with the property that (^fy*) C 

Vi^-ufrn-i+z^kt*) ■ This is possible, since the inclusion is true for I* = m — 1. 
Then by the induction assumption 

which implies that if I* > I + 2, then 

u i?r_~^ (*k,._i) <= v^ i *_~^_ i+2 (t kl ,^) c v£™^_ 1+2 (t*,._ 1 ) 
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in contradiction to the choice of I*. So I* = I + 2 and (I8.12p holds. Furthermore, 
we conclude that k m < ki, because otherwise by the same argument as before, 
but with I + 1 replaced by I, we had 

Since (ki, i{) -< (ki+x, ii+i), we know that that the flow is non-singular on (P^U 
^S+i) x ltk»M and that HU^f(t kl+1 ) ^ 0. So by (EH, we have P™n 
VlXjL+2(t kl+1 ) ^ 0- But this implies using flHH]) that n ^(tfcj ^ 
in contradiction to the definition of the relation (ki,ii) -< (ki+i, ii+i). So, indeed 
we have k m < k m -\. We can thus apply Claim 1 to conclude from ( I8.10P for m — 1 
that 

rt(ht ] ) < max{ri iN - m+2 \vt),ri(v°)} 

< max{^^- m+2 )(^),^(^)} < ^ N - m+2 \v*i)- 

This implies ( 18.1 Op for m, by the monotonicity of tp\ and finishes the induction. 
For the last line in the claim, we can use Claim 1 to conclude 

< max {rt {N ~ 2) ( max{^:; 2) , fitf)}) , V °} 

<rn aX {^ N - 2 \ht_f),V°} 

< ... 

< max {^ {JV ~ ,n+1) (^ l) ), r/°} < max {h {kl \ V °} □ 

Claim 3. Assume that r]° < if 2 . If there are indices (k, i) G / such that h\ k ' < rj 2 , 
then there are indices (k*,i*) G J with k* < k such that the following holds: The 
set P^* i is non-singular on [t_i,tfc] and we can extend V-^^ to a sub- Ricci flow 
with surgery on the time-interval t&] . In particular, Pj*i H \tk>) = for 
all (k',i') G / with k' < k and we have U^ k) {t k ) C V^ 2 \t k ). Lastly, <f* 2 (h^ ] ) < 
max{/jf , r]°}. 

Proof. Consider a maximal chain as in Claim 2 with (&i, i\) = (k,i) and k 2 , . . . , k m 
< k\ and set (k*, i*) = (k m , i m ). By Claim 2, we have k\ > k 2 > . . . > k m and we 
obtain indices ji, . . . ,j m -i £ {1, ■ ■ ■ , N + 1} together with extensions of the flows 
^ii ji+2> • • • ' jl.- 1+2 which satisfy the inclusion property mentioned above. 
Moreover, (p 2 (h[ k < max{hl k \ V°} which establishes the last part of the claim. 

Assume now that P^ 1 is singular on the time-interval . Then we can 

find some k' < k such that P/» i is non-singular on [tk*,tk'~i] (if k' > k*) or on 
[tk'>tk*] (if k' < k*) and there is an index %' G {1, . . . ,m^ k '^} such that P^*i PI 
^ fe,) (^-i) ^ (if fc' > fc*) or P^^U ( p{t k >) ^ (if k! < k*). Then consider all 
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triples (k",i",f) of indices with (k",i") G /, k" < k and j* G {1, . . . , N + 2} for 
which Pi* J* is non-singular on [t k *,t k »-i] (if k" > k*) or on [t k »,t k *] (if k" < k*) 
and 

ppjlnulPfa,-!)^® \ik">k* or P¥*lr)Ufi"\t k/ ,)^® \ik" <k*. 

(Note that we have exchanged the 1 for j*. So (k',i', 1) is one of these triples.) 
We can assume that we have picked (k", amongst all these triples of indices, 

such that j* + \k* — k"\ is minimal and amongst such triples of indices for which 
this number is the same, we can assume that \k* — k"\ is minimal. 

Now observe that by maximality of (k m ,i m ) with respect to -< we must have 
(k*,i*) ^ (k",i"). So either j* = N + 2 or j* < N + 1 and there are indices 
(k"',i"') G I with k'" strictly between k* and k" such that the following holds: 
The set P^J, +1 is non-singular on the time-interval [t k *,t k »>-i\ (if k" > k*) or on 
[**/», t k .] (if k" < k*) and we have (P^l UP^jl+i) r\U$"\tk»>-i) ^ (if k" > k*) 

or (pjf*luP^l+i)r\U^"\tk"') + (if k" < k*). But the latter possibility implies 
that we could replace the triple (k", by either (k m , or (k'", + 1), 

contradicting its minimal choice. So j* = N + 2. However, the triple (k',i', 1) 
would make j* + \k* — k'\ smaller than the triple (k", i" , N + 2). This yields the 

(k*) 

desired contradiction and shows that P^ i is non-singular on the time-interval 
t k ] as well as the fact that P^nuf'\t k >) = for all (k', i') e I with k' < k. 

Moreover, it is clear that the sub-Ricci flow with surgery can be extended 
to the time-interval [t-i,t k ]. 

We finally show by induction that U^ kl \t kl ) C V^^i^i) f° r all / = m, . . . , 1. 
This implies the claim for 1 = 1. The statement is clear for I = m, so assume 
that / < m and that it holds for I + 1. By Claim 2 we have V^ l ) +2 {ti+i) $! 

U^\tk l+1 ) C V&W). So U^\t kl ) C V™ +2 (t t ) C Vjgfr), finishing the 
induction. □ 

Assume in the following that i]° < rfa- We now apply Claim 3 for k = N. So 
for every % 6 {1, . . . , m^} for which hf^ < r\\^ we can find indices (k*,i*) G / 
such that the following holds: -P/.V is non-singular on the time-interval 

and P-«\ ] n Uf'\t k ,) = for all indices (k',i') G /. Moreover, we can extend 

V^O to the time-interval [to, an d we have U^ k \t u ) C Observe 

that this implies that |Rm| < Kt^ 1 on for all t G [t_i,t w ] and by Shi's 

estimates there is a universal K\ > K such that |VRm| < K\t~ z l 2 on P-**? , 

but at time-t distance of at least \/t away from its boundary for all t G [to,tJ- 
So as in the proof of Claim 1, there is a function </?" : (0, oo) — > (0, oo) with 

(k*) (k*) 

(p"(h) — > as h — > such that P e \ is a if"{h e l )-precise torus structure at scale 

y/t at every time t G [t-i,tj\. We remark, that can be chosen depending 
only on L and A. Using Claim 3, it is then easy to see that there is a constant 
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Vl = Vl(.L,A,a) > with r}\ < r}\ such that assuming rf < rjl, the following 
holds: For all i G {1, . . . , m^} with h[ N ^ < r]l, the set Pj**i is a min{a:, ^}- 
precise torus structure at scale \/t and at every time t 6 [t , tj\ and at time to, the 
torus structure P-,\ is even (L (min{e~ a,ao(Ki)}, A) + 10) -precise. Here 

i ' 

Z-o and 5?o are the constants from Lemma 17.121 

We finally choose i]° = f]°(L, A, a) > such that f]° < 7]\. For each i e 

{1, . . with hf < r/* we set U[ = V$°V and P/ = P ( 5* } . We now pick 

a subcollection of the U[, . . . ,U' m(N) which are pairwise disjoint at time t u . If 
U-^tu) H Ul 2 (t u ) ^ 0, then by the fact that P^ and P/ are ^-precise and Lemma 
ESlwe have U' h {t u ) C P/ 2 U E/"4(t w ) or U' l2 {t w ) C P( U C/^(t w ). In the first case we 
remove the index i\ from the list and in the second case, we remove %2 (if both cases 
hold we remove either %\ or z 2 ). We can repeat this process until we arrive at a 
collection U\, . . . , U m whose time-t^ slices are pairwise disjoint. This implies that 
the time-t slices are pairwise disjoint as well for any t G [to, tj\. Let Pi, ... , P m be 
the corresponding collection of torus structures. Observe that at each step of this 
process, the set U-(t u ) \ (J f P[ does not decrease. Thus Ui(t w ) U . . . U U m (t u ) D 
U U!(t u ) \ U 4 P-. We conclude that every point of M(t u ) \ (Pi(t„) U . . . U U m (t u )), 
which does not belong to M.(tJ) \ (U\ (tj) U . . . U U( N) (t w )), is either contained 
m some U^(t u ) for which hf ] > r\\ or it is contained in some Uj(t u ) in which 
case it must belong to Ui-f/- So assertion (a) holds for K 4 = max{K, K'(rjl)} 
(see Proposition 18.3( c)). The second part of assertion (b) holds by the choice of 
Vt 

It remains to construct the loops ji C Pj and the disks Pi such that assertions 
(b)-(e) hold. Fix % = 1, . . . ,m. By the choice of r}\ we find a torus structure 
P* C Pi which is (L (mm{e~ LK a,a (Ki)} , A))~ 1 -precise at scale \/% and time 
to and which has time-to distance of at least y/to from the boundary of Pj in 
such a way that the pair (P, P*) is diffeomorphic to (T 2 x [—2, 2], T 2 x [—1, 1]). 

So |Rm| < K^ 1 and |VRm| < K^ 2 on P*. We can hence apply Lemma 
EE] with a 4- min{e- L ^a,5o(^i)}, A <- A, K <- K u M = M(t ), M hyp «- 
M thick (to), M Sei f <- M thin (to)- This gives us a loop 7* C P* C P of length 
4 (Ti) < e~ LK ot which is non-contractible in P*, which spans a disk Pj C .M(to) 
of time-to area areat Pj < Ato and whose geodesic curvatures at time to are 
bounded by F(Ki). So assertions (d) and (e) hold and the first part of assertion 
(b) follows by a distance distortion estimate. For assertion (d) observe that 
|Rm| < Kt' 1 and |VRm| < i^r 3 / 2 on 7* for all t e [t ,t u ]. □ 

8.3. The final argument. We will finally show that the general picture pre- 
sented in Proposition 18.41 cannot persist for a long time, i.e. that for an appropri- 
ate choice of the parameters L, A and a we must have m — 0. This will imply a 
curvature bound on the final time-slice -M(t^) and hence establish Theorem 11.51 
As a preparation, we first prove that after some large time, all time-slices are 
irreducible and all surgeries are trivial (see also |MT1[ Proposition 18.9]). 
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Proposition 8.5. Let M. be a Ricci flow with surgery and precise cutoff whose 
time-slices are closed manifolds, defined on the time-interval [T, oo) (T > 0). 
Then there is some T\ G [T, oo) such that all surgeries on [Ti,oo) are trivial 
and we can find a sub-Ricci flow with surgery A4' C M. on the time-interval 
[T, oo) (whose time-slices have no boundary) such that: For all t G [T, oo) the 
complement M.{t) \ Ai'(t) consists of a disjoint union of spheres and for all 
t G [T 1; oo) all components of Ai'(t) are irreducible and not diffeomorphic to 
spherical space forms. 

Moreover, if there is a time T* > T\ such that if M! is non-singular on [T*, oo), 
then there is also a time T** > T* such that Ai is non-singular on [J 1 **, oo) and 
M'{t) = M(t) for allt e[T**,oo). 

Proof. Let M = ((T l ) i ,(M i x P), {gf) h (fi^, (C/^) (see Definition EI]). By 
Definition 12.111 for any surgery time T l , the topological manifold M l can be 
obtained from M l+l by possibly adding spherical space forms or copies of S l x S 2 
to the components of Ai(t 2 ) and then performing connected sums between some 
of those components. So every component of M ,+1 , which is not diffeomorphic 
to a sphere, forms the building block of a component of M l which is also not 
diffeomorphic to a sphere. It is then clear that we can choose M! C Ai such that 
for every t G [T, oo) the set JA'(t) is the union of all components of AA(t) which 
are not diffeomorphic to spheres. 

By the existence and uniqueness of the prime decomposition (see e.g. |Hat[ 
Theorem 1.5]) and the conclusion above, there are only finitely many times when 
the topology of A4'(t) can change. By finite-time extinction of spherical compo- 
nents (see |Per3] . |CM] ). we conclude that Ai'(t) cannot have components which 
are diffeomorphic to spherical space forms for t G [Ti, oo). This implies that there 
is some T\ G [T, oo) such that the time-slices KA'if) are all diffeomorphic to each 
other for all t G [T^oo), i.e. that all surgeries on the time-interval [Xi,oo) are 
trivial on M! and hence also on Ai. 

Assome that A4'(Ti) was not irreducible. Then by Proposition 13.31 we have 
7t2(N) 7^ for some component iV of Ai'(Ti). We can thuse use Lemma 17.11 to 
obtain a contradiction. 

The last part of the proposition follows again from finite-time extinction. □ 

Proof of Theorem \1.5\ Let the function S(t) be the one given in Proposition 18.41 
Consider the constant T < oo and the function w : [T , oo) — > (0, oo) from 
Proposition 14.151 as well as the constant T\ < oo and the sub-Ricci flow with 
surgery from Proposition 18.51 and set T2 = max{To,Ti}. By the last statement 
of Proposition 18.51 we can assume without loss of generality that M.' = M.. So 
all surgeries on the time-interval [T2, 00) are trivial and for all times t G [T2, 00) 
the components of M. (t) are irreducible and not diffeomorphic to spherical space 
forms and there is a thick-thin decomposition M.{t) = -M t hick(£) U -M t hi n (^) as 
described in Proposition 14.151 

Denote by -Mtoms^) the union of all components of Aithm(T 2 ) which are diffeo- 
morphic to T 2 x / and set A^ hyp (T 2 ) = -M thick (T 2 ) U -M torus (T 2 ) and M Scif (T 2 ) = 
■M.thm(T 2 ) \ -Mtorus^)- We will now show that the decomposition Ai(T 2 ) = 
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M.\ iyv ,{T 2 ) U A^seifC^) can be refined to a minimal geometric decomposition. By 
the results of |MT2] or |KL2j . which led to the resolution of the Geometrization 
Conjecture (essentially their statement is Proposition 15.11 plus a topological dis- 
cussion), we know that -MseiK^b) is a graph manifold (see Definition 11.11 and the 
subsequent discussion). So there are pairwise disjoint, embedded, incompress- 
ible 2-tori T*, . . . , T£ C A^seif(^j) which induce a minimal Seifert decomposition 
of M.seif(T 2 ) (observe that these tori are even incompressible in M.{T 2 )). Let 
moreover T£ +1 , . . . ,T£, C M.h Y piT 2 ) be pairwise disjoint, embedded, incompress- 
ible 2-tori, which decompose M.\i yp {T 2 ) into its hyperbolic components. Then 
T*, . . . ,Ty together with the boundary tori in dM.\ WP {T 2 ) provide a geometric 
decomposition of Ai(T 2 ). After removing some of these tori, we obtain a mini- 
mal geometric decomposition. If we had removed a torus of <9.Mh yp (T 2 ) in this 
process, then we could find a component C of the new and minimal decompo- 
sition which contains a Seifert component C\ of .Mscif^) \ (T* U . . . U T£) and 
a hyperbolic component C 2 of A^hyp(^2) \ (^fe+i U . . . U T£,). Then C cannot be 
Seifert. So it is hyperbolic and hence C\ ~ T 2 x / which contradicts the minimal 
choice of T*,...,T*. 

Now observe that Ai(T 2 ) satisfies property T 2 (see Definition II. 3p . So there 
is a filling surface / : £ — > M.{T 2 ) for the pair (M.-k yp (T 2 ), .MseifC^)). F° r 
every component C of .M torus (^2) we consider a pair of immersed annuli which 
connect the boundary components of C and whose central loops generate the 
fundamental group of C. Observe that by an intersection number argument, 
every non-contractible loop in C intersects every homotopic deformation (relative 
boundary and inside Ai(T 2 )) of at least one of these annuli. Hence, the union 
/':£'—>■ Ai(T 2 ) of / with all these pairs of immersed annuli is filling for the pair 



We now apply Lemma 17.21 to construct a homotopic representative of /' of 
bounded area. To do this, we choose almost geodesic representatives 7^2 inside 
dM.thickM.{T 2 ) of the boundary circles of /'| 7 , 7 C dT! which are homotopic to 
/'| 7 inside d-MthickC^). By Proposition I4.15[ it is possible to move these cir- 
cles by isotopies and obtain families of curves 7^ C &M t hick(£), parameterized 
by t G [T 2 ,oo), which satisfy the properties of Lemma [7.21 for certain constants 
r, a, b. So by Lemma 17.2( b). we obtain filling surfaces f[ : E' — > Ai(t) for the 
pair (.M thick (*)> -M t hin(£)) and all t G [T 2 ,oo) such that limsup^^ t _1 area t j[ < 
4(— 27rx(£')+ ma (r+&))- Hence, there is a constant A < 00 such that t -1 area t j[ < 
A for all t G [T 2 ,oo). 

Next, we set 



(Mhick(T 2 ),Mhin(r 2 )). 




and consider the constant r 4 = T±(L,A) from Proposition 18.41 Set 



7T 



and choose T 4 = T 4 (L, A, a) and u> 4 = w±(L, A, a) according to this Proposition. 
Choose now T* > max{4T 2 ,T 4 } such that w(t) < w A for all t G [\T\ 00). Hence, 
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we can apply Proposition 18.41 with the parameters L,A,a for any t w > LT* and 
to = L~H U . We obtain sub-Ricci flows with surgery Ui, . . . U m C M. and disks 
Dx, . . . ,D m C -M(to) with areat Di < At such that the geodesic curvature of 
their boundary loops are bounded by r 4 /f:~ 1 and their lengths are bounded by 
ot\Jt for all t G [to>£j- Assume first that m > 1. Since aT 4 = n < 2n, we obtain 
a contradiction by Lemma [7.2( a): 

/ A \ 4 

So m = 0, and thus we have |Rm t J < K±t~ l on M.(t u ). 

This shows that |Rm t | < K^t' 1 for all t > LT*. So in particular, the Ricci flow 
with surgery M. does not develop any singularities past time LT* and hence there 
are no singularities on [LT*, oo). This finishes the proof of the Theorem. □ 
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